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Abstract
We study dynamical partially localized brane solutions in higher dimensions. We give new
descriptions of the relevant solutions of dynamical branes which are localized along both the overall
and relative transverse directions. The starting point is a system of pr-branes ending on a ps-brane
with a time-dependent warp factor. This system can be related to Dpr-Dps brane system in string
theory, where one brane is localized at the delocalized other brane. We then show that these give
Friedmann-Lemaitre-Robertson-Walker cosmological solutions. Our approach leads to a new and
manifest description of the brane configurations near the delocalized branes, and new solutions
in the wave or KK-monopole background in terms of certain partial differential equations in D
dimensions including ten and eleven dimensions.
PACS numbers: 11.25.-w, 11.27.+d, 98.80.Cq
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I. INTRODUCTION
In recent years much effort has been devoted to the construction of cosmological mod-
els in string theory produced by enlarging static p-brane solutions [1–5]. Although these
calculations are complicated by the occurrence of time-dependences, there has been active
development in constructing time-dependent supergravity solutions of p-branes and other
solitons in string theory [6–13]. These classical solutions in string theory made it possible
to discuss the dynamics such as cosmological evolution of our Universe and brane collision
within the framework of string theory. In these studies, brane world models were obtained
by wrapping or intersecting higher-dimensional p-branes around compact manifolds. In the
course of compactifying p-branes, the dynamical solutions become smeared or delocalized
along the compactified directions, which include possibly some of overall transverse direc-
tions and relative transverse directions that corresponds to the transverse directions which
are longitudinal to some of other constituent branes. Such intersecting p-brane solutions
in higher dimensions thus become localized only along the relative or overall transverse di-
rections. The dynamical intersecting brane solutions which we have mainly constructed are
such delocalized type [1, 2, 4, 5]. There are several works to construct the static localized
intersecting brane solutions with the restricted ansatz of fields which has the same form as
the corresponding delocalized intersecting brane solutions [14–17]. The equations of motion
along with such simplified assumption for fields require that one of the branes has to be
delocalized on the relative transverse directions. However, it is difficult to obtain the exact
localized solutions even if we use such simplified ansatz because harmonic functions that
specify branes satisfy coupled partial differential equations. The solutions of these differ-
ential equations in general have a complicated form. On the other hand, the dynamical
localized intersecting brane solution is not well-known, and nobody mentions the explicit
expressions for harmonic functions. This article will describe a method of dealing with
the extension of the time-dependent solutions in the partially localized intersecting brane
system, where branes are localized along the relative transverse directions but delocalized
along the overall transverse directions [18]. For the purposes of construction of cosmological
model, we employ the same ansatz of fields as the static p-brane solutions. It is, in general,
possible to derive intersecting brane solutions in terms of applying duality transformations in
string theory. For instance, we compactify the direction which becomes delocalized through
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smearing or uniform array of branes along it to apply T-duality transformations in the trans-
verse directions. Then, the power of the radial coordinate in the harmonic function changes.
Hence, we will construct such localized intersecting brane solutions case by case.
It is the purpose of this paper to construct various explicit partially localized intersecting
dynamical brane solutions in various dimensions. We give classification of these dynamical
intersecting brane solutions involving two branes, and discuss the application of these solu-
tions to cosmology. We also study the arbitrary single brane on the KK-monopole and wave
background. It is possible to derive the time-dependent solution if the form of the static
solution is explicitly known, so calculations have generally relied on an assumption of fields
and even strictly metric form. Also, even where a coupling between scalar field and gauge
field strength in the action is known, the intersection rule of the brane can be obtained ex-
plicitly. Since a warp factor arises from a field strength, the dynamics of a system composed
of two branes can be characterized by two warp factors arising from two field strengths. For
M-branes and D-branes, among these warp factors only one function can depend on time.
The procedure is described here in generally higher-dimensional gravity model as well
as the supergravity, the solutions of a D-brane or M-brane in a wave or KK-monopole
background. This is simple enough to illustrate the use of the method without the general
idea being lost in the complications of higher-dimensional gravity theory, and yet sufficiently
general so that we can see how to deal with an arbitrary expansion. As we will see, these
methods yield a prescription for intersecting brane solutions that depend not only on the
overall transverse directions, but world-volume and the relative transverse directions.
The paper is organized as follows. In Sec. II, we show that the partially localized dynam-
ical intersecting brane solutions of two p-branes exist as an almost immediate generalization
of the static brane solution where one of branes is delocalized. We will also study explicit
partially localized p-brane solutions in KK-monopole or wave background. We will apply
these solutions to construct various explicit partially localized intersecting M-brane solutions
in Sec. III, and various partially localized intersecting brane solutions in ten dimensions in
Sec. IV. We then go on in Sec. V to apply these solutions to cosmology. Sec. VI is devoted
to discussions.
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II. THE INTERSECTION OF TWO BRANES IN D-DIMENSIONAL THEORY
We study the dynamical brane in D-dimensional theory. We describe the relation of the
partially localized static brane solution to time-dependent solutions in D-dimensions. We
also study solutions in the wave and KK-monopole background.
A. The intersection of dynamical pr − ps-branes in D-dimensional theory
In this section, we consider a D-dimensional theory composed of the metric gMN , scalar
field φ, and antisymmetric tensor field strengths of rank (pr + 2) and (ps + 2):
S =
1
2κ2
∫ [
R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
1
(pr + 2)!
eǫrcrφ ∗ F(pr+2) ∧ F(pr+2)
−1
2
1
(ps + 2)!
eǫscsφ ∗ F(ps+2) ∧ F(ps+2)
]
, (1)
where κ2 is the D-dimensional gravitational constant, ∗ is the Hodge operator in the
D-dimensional space-time, F(pr+2) and F(ps+2) denote (pr + 2)-form, (ps + 2)-form field
strengths, and cI , ǫI (I = r, s) are constants given by
c2I = NI −
2(pI + 1)(D − pI − 3)
D − 2 , (2a)
ǫI =

 + if pI − brane is electric− if pI − brane is magnetic , (2b)
where NI is constant. The field strength F(pr+2), F(ps+2) are given by the (pr + 1)-form,
(ps + 1)-form gauge potentials A(pr+1), A(ps+1), respectively
F(pr+2) = dA(pr+1) , F(ps+2) = dA(ps+1) . (3)
After variations of the action with respect to the metric, the scalar field, and the (pr + 1)-
form and (ps + 1)-form gauge fields, we obtain the field equations,
RMN =
1
2
∂Mφ∂Nφ+
1
2
eǫrcrφ
(pr + 2)!
[
(pr + 2)FMA2···A(pr+2)FN
A2···A(pr+2) − pr + 1
D − 2gMNF
2
(pr+2)
]
+
1
2
eǫscsφ
(ps + 2)!
[
(ps + 2)FMA2···A(ps+2)FN
A2···A(ps+2) − ps + 1
D − 2gMNF
2
(ps+2)
]
, (4a)
d ∗ dφ− 1
2
ǫrcr
(pr + 2)!
eǫrcrφ ∗ F(pr+2) ∧ F(pr+2) −
1
2
ǫscs
(ps + 2)!
eǫscsφ ∗ F(ps+2) ∧ F(ps+2) = 0, (4b)
d
[
eǫrcrφ ∗ F(pr+2)
]
= 0, (4c)
d
[
eǫscsφ ∗ F(ps+2)
]
= 0. (4d)
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We look for solutions whose spacetime metric has the form
ds2 = harr (x, y, z)h
as
s (x, v, z)qµν(X)dx
µdxν + hbrr (x, y, z)h
as
s (x, v, z)γij(Y1)dy
idyj
+harr (x, y, z)h
bs
s (x, v, z)wmn(Y2)dv
mdvn + hbrr (x, y, z)h
bs
s (x, v, z)uab(Z)dz
adzb, (5)
where qµν(X) is the (p+1)-dimensional metric which depends only on the (p+1)-dimensional
coordinates xµ, γij(Y1) is the (ps−p)-dimensional metric which depends only on the (ps−p)-
dimensional coordinates yi, wmn(Y2) is the (pr − p)-dimensional metric which depends only
on the (pr − p)-dimensional coordinates vm and finally uab(Z) is the (D + p− pr − ps − 1)-
dimensional metric which depends only on the (D+p−pr−ps−1)-dimensional coordinates
za. The constants aI (I = r, s) and bI (I = r, s) in the metric (5) are written by
aI = −4(D − pI − 3)
NI(D − 2) , bI =
4(pI + 1)
NI(D − 2) . (6)
The brane configuration is given as follows (See Table I.):
TABLE I: Intersections of two p-branes in the metric (5).
Case 0 1 · · · p p+ 1 · · · ps ps + 1 · · · ps + pr − p ps + pr − p + 1 · · · D − 1
pr ◦ ◦ ◦ ◦ ◦ ◦ ◦
pr-ps ps ◦ ◦ ◦ ◦ ◦ ◦ ◦
xN t x1 · · · xp y1 · · · yps−p v1 · · · vpr−p z1 · · · zD+p−pr−ps−1
The metric of D-dimensional spacetime (5) implies that the solutions are expressed by
functions, hr and hs, which are the functions of the coordinates transverse to the brane as well
as the world-volume coordinate. The powers of harmonic functions for the configurations of
pr − ps-branes have to satisfy the intersection rule, and split the coordinates in three parts.
One is the overall world-volume coordinates xµ, which are common to the pr − ps-branes.
The others are the coordinates of overall transverse space za, and the relative transverse
coordinates yi and vm, which are transverse to only one of the pr − ps-branes. Each of hr
and hs depends not only on overall transverse coordinates but also on the corresponding
relative coordinates.
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We also assume that the scalar field φ and field strengths F(pr+2), F(ps+2) are written by
eφ = h2ǫrcr/Nrr h
2ǫscs/Ns
s , (7a)
F(pr+2) =
2√
Nr
d
[
h−1r (x, y, z)
] ∧ Ω(X) ∧ Ω(Y2), (7b)
F(ps+2) =
2√
Ns
d
[
h−1s (x, v, z)
] ∧ Ω(X) ∧ Ω(Y1), (7c)
where Ω(X), Ω(Y1), and Ω(Y2) are the volume (p+1)-form, (ps−p)-form, and (pr−p)-form,
respectively:
Ω(X) =
√−q dx0 ∧ dx1 ∧ · · · ∧ dxp, (8a)
Ω(Y1) =
√
γ dy1 ∧ dy2 ∧ · · · ∧ dyps−p, (8b)
Ω(Y2) =
√
w dv1 ∧ dv2 ∧ · · · ∧ dvpr−p. (8c)
Here, q, γ, and w are the determinants of the metrics qµν , γij, and wmn, respectively.
First we consider the Einstein Eq. (4a). Using the ansatz (5), (7), the Einstein equations
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are written by
Rµν(X)− 4
Nr
h−1r DµDνhr −
4
Ns
h−1s DµDνhs +
2
Nr
∂µ ln hr
[(
1− 4
Nr
)
∂ν ln hr − 4
Ns
∂ν ln hs
]
+
2
Ns
∂µ ln hs
[(
1− 4
Ns
)
∂ν ln hs − 4
Nr
∂ν lnhr
]
− 1
2
qµνh
−4/Nr
r h
−4/Ns
s
[
arh
−1
r
(
h4/Nss △Y1hr +△Zhr
)
+ ash
−1
s
(
h4/Nrr △Y2hs +△Zhs
)]
− 1
2
qµν
[
arh
−1
r △Xhr − arqρσ∂ρ ln hr
{(
1− 4
Nr
)
∂σ ln hr − 4
Ns
∂σ ln hs
}
+ ash
−1
s △Xhs − asqρσ∂ρ ln hs
{(
1− 4
Ns
)
∂σ ln hs − 4
Nr
∂σ ln hr
}]
= 0, (9a)
2
Nr
h−1r
(
∂µ∂ihr +
4
Ns
∂µ ln hs∂ihr
)
= 0, (9b)
2
Ns
h−1s
(
∂µ∂mhs +
4
Nr
∂µ ln hr∂mhs
)
= 0, (9c)
2
Nr
h−1r ∂µ∂ahr +
2
Ns
h−1s ∂µ∂ahs = 0, (9d)
Rij(Y1)− 1
2
h4/Nrr γij
[
brh
−1
r △Xhr − brqρσ∂ρ lnhr
{(
1− 4
Nr
)
∂σ ln hr − 4
Ns
∂σ ln hs
}
+ ash
−1
s △Xhs − asqρσ∂ρ ln hs
{(
1− 4
Ns
)
∂σ ln hs − 4
Nr
∂σ ln hr
}]
− 1
2
γijh
−4/Ns
s
[
brh
−1
r
(
h4/Nss △Y1hr +△Zhr
)
+ ash
−1
s
(
h4/Nrr △Y2hs +△Zhs
)]
= 0, (9e)
8
NrNs(D − 2)2 [(pr + 1)(ps + 1)− (D − 2)(pr + ps + 2)] ∂i ln hr∂m ln hs = 0 , (9f)
Rmn(Y2)− 1
2
h4/Nss wmn
[
arh
−1
r △Xhr − arqρσ∂ρ ln hr
{(
1− 4
Nr
)
∂σ lnhr − 4
Ns
∂σ ln hs
}
+ bsh
−1
s △Xhs − bsqρσ∂ρ lnhs
{(
1− 4
Ns
)
∂σ ln hs − 4
Nr
∂σ ln hr
}]
− 1
2
wmnh
−4/Nr
r
[
arh
−1
r
(
h4/Nss △Y1hr +△Zhr
)
+ bsh
−1
s
(
h4/Nrr △Y2hs +△Zhs
)]
= 0, (9g)
Rab(Z)− 1
2
h4/Nrr h
4/Ns
s uab
[
brh
−1
r △Xhr − brqρσ∂ρ ln hr
{(
1− 4
Nr
)
∂σ ln hr − 4
Ns
∂σ ln hs
}
+ bsh
−1
s △Xhs − bsqρσ∂ρ lnhs
{(
1− 4
Ns
)
∂σ ln hs − 4
Nr
∂σ ln hr
}]
− 1
2
uab
[
brh
−1
r
(
h4/Nss △Y1hr +△Zhr
)
+ bsh
−1
s
(
h4/Nrr △Y2hs +△Zhs
)]
= 0, (9h)
where Dµ is the covariant derivative with respect to the metric qµν , and △X, △Y1, △Y2,
△Z the Laplace operators on X, Y1, Y2, Z spaces, Rµν(X), Rij(Y1), Rmn(Y2), and Rab(Z)
are the Ricci tensors constructed from the metrics qµν(X), γij(Y1), wmn(Y2) and uab(Z),
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respectively, and we have used the intersection rule χ = 0. Here χ is defined by
χ = p+ 1− (pr + 1) (ps + 1)
D − 2 +
1
2
ǫrǫscrcs. (10)
The relation χ = 0 is consistent with the intersection rule [1, 2, 4, 5, 19–22].
From Eqs. (9b), (9c) and (9d), the functions hr and hs have to be of the form
hr = h0(x) + h1(y, z), hs = hs(v, z) , For ∂µhs = 0 , (11a)
hr = hr(y, z), hs = k0(x) + k1(v, z) , For ∂µhr = 0. (11b)
Let us consider the case ∂µhs = 0. The components of the Einstein Eqs. (9) are rewritten
as
Rµν(X)− 2
Nr
[
2h−1r DµDνh0 −
(
1− 4
Nr
)
∂µ ln hr∂ν lnhr
]
−1
2
qµνh
−4/Nr
r h
−4/Ns
s
[
arh
−1
r
(
h4/Nss △Y1h1 +△Zh1
)
+ ash
−1
s
(
h4/Nrr △Y2hs +△Zhs
)]
−1
2
arqµν
[
h−1r △Xh0 −
(
1− 4
Nr
)
qρσ∂ρ ln hr∂σ ln hr
]
= 0, (12a)
Rij(Y1)− 1
2
brh
4/Nr
r γij
[
h−1r △Xh0 −
(
1− 4
Nr
)
qρσ∂ρ ln hr∂σ ln hr
]
−1
2
γijh
−4/Ns
s
[
brh
−1
r
(
h4/Nss △Y1h1 +△Zh1
)
+ ash
−1
s
(
h4/Nrr △Y2hs +△Zhs
)]
= 0, (12b)
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NrNs(D − 2)2 [(pr + 1)(ps + 1)− (D − 2)(pr + ps + 2)] ∂i ln hr∂m ln hs = 0 , (12c)
Rmn(Y2)− 1
2
arh
4/Ns
s wmn
[
h−1r △Xh0 −
(
1− 4
Nr
)
qρσ∂ρ ln hr∂σ ln hr
]
−1
2
wmnh
−4/Nr
r
[
arh
−1
r
(
h4/Nss △Y1h1 +△Zh1
)
+ bsh
−1
s
(
h4/Nrr △Y2hs +△Zhs
)]
= 0,(12d)
Rab(Z)− 1
2
brh
4/Nr
r h
4/Ns
s uab
[
h−1r △Xh0 −
(
1− 4
Nr
)
qρσ∂ρ ln hr∂σ ln hr
]
−1
2
uab
[
brh
−1
r
(
h4/Nss △Y1h1 +△Zh1
)
+ bsh
−1
s
(
h4/Nrr △Y2hs +△Zhs
)]
= 0. (12e)
Let us next consider the gauge field Eqs. (4c), (4d). Under the assumption (7b) and (7c),
the field equations are written by
d
[
h4(χ+1)/Nss ∂ihr
(∗Y1dyi) ∧ Ω(Z) + h4χ/Nss ∂ahr (∗Zdza) ∧ Ω(Y1)] = 0, (13a)
d
[
h4(χ+1)/Nrr ∂mhs (∗Y2dvm) ∧ Ω(Z) + h4χ/Nrr ∂ahs (∗Zdza) ∧ Ω(Y2)
]
= 0, (13b)
where ∗Y1, ∗Y2, and ∗Z denote the Hodge operator on Y1, Y2, and Z, respectively, and χ is
given by (10) . For χ = 0, the Eq. (13a) thus reduces to
hs△Y1hr +△Zhr = 0, ∂µ∂ihr +
4
Ns
∂µ ln hs∂ihr = 0, ∂µ∂ahr = 0, (14)
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where △Y1, and △Z are the Laplace operators on the space of Y1, and Z, respectively. On
the other hand, it follows from (13b) that
hr△Y2hs +△Zhs = 0, ∂µ∂mhs +
4
Nr
∂µ ln hr∂mhs = 0, ∂µ∂ahs = 0 , (15)
where △Y2 is the Laplace operator on the space of Y2.
Finally we consider the scalar field equation. Substituting Eq. (11), the ansatz (7), and
the intersection rule χ = 0 into Eq. (4b), we have
ǫrcr
Nr
h4/Nrr h
4/Ns
s
[
h−1r △Xhr −
(
1− 4
Nr
)
qρσ∂ρ ln hr∂σ ln hr +
4
Ns
qρσ∂ρ ln hr∂σ ln hs
]
+
ǫscs
Ns
h4/Nrr h
4/Ns
s
[
h−1s △Xhs −
(
1− 4
Ns
)
qρσ∂ρ ln hs∂σ ln hs +
4
Nr
qρσ∂ρ ln hr∂σ ln hs
]
+
ǫrcr
Nr
h−1r
(
h4/Nss △Y1hr +△Zhr
)
+
ǫscs
Ns
h−1s
(
h4/Nrr △Y2hs +△Zhs
)
= 0. (16)
If we set ∂µhs = 0, the functions hr and hs satisfy the equations
hr△Xh0 −
(
1− 4
Nr
)
qρσ∂ρh0∂σh0 = 0, h
4/Ns
s △Y1h1 +△Zh1 = 0, (17a)
h4/Nrr △Y2hs +△Zhs = 0. (17b)
Combining these, the field equations reduce to
Rµν(X) = 0, Rij(Y1) = 0, Rmn(Y2) = 0, Rab(Z) = 0, (18a)
hr = h0(x) + h1(y, z), hs = hs(v, z), ∂ihr∂mhs = 0 , (18b)
DµDνh0 = 0,
(
1− 4
Nr
)
∂µh0∂νh0 = 0, h
4/Ns
s △Y1h1 +△Zh1 = 0, (18c)
h4/Nrr △Y2hs +△Zhs = 0. (18d)
The function hr can depend on the coordinate x
µ only if Nr = 4 . We can also choose the
solution in which the ps-brane part depends on x
µ. Then, we have
Rµν(X) = 0, Rij(Y1) = 0, Rmn(Y2) = 0, Rab(Z) = 0, (19a)
hr = hr(y, z), hs = k0(x) + k1(v, z), ∂ihr∂mhs = 0 , (19b)
DµDνk0 = 0,
(
1− 4
Ns
)
∂µk0∂νk0 = 0, h
4/Nr
r △Y2k1 +△Zk1 = 0, (19c)
h4/Nss △Y1hr +△Zhr = 0. (19d)
It is clear that there is no solution for k0(x) such as ∂µhs 6= 0 unless Ns = 4. If F(pr+2) = 0
and F(ps+2) = 0, the functions h1 and k1 become trivial, and the D-dimensional spacetime
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is no longer warped [23, 24]. Moreover, the Eq. (18b) ∂ihr∂mhs = 0 implies the following
two cases :
(i) Two branes are delocalized, which are localized only along the overall transverse direc-
tions.
(ii) One brane is completely localized on the other brane which is localized only along the
overall transverse directions.
As a special example, we consider the case
qµν = ηµν , γij = δij , wmn = δmn , uab = δab , (20a)
Nr = Ns = 4, hs = hs(z) , (20b)
where ηµν is the (p + 1)-dimensional Minkowski metric and δij , δmn, δab are the (ps − p)-,
(pr − p)- and (D+ p− pr − ps− 1)-dimensional Euclidean metrics, respectively. This means
that both branes have physically the same total amount of charge. Since the function h0
obeys the equation ∂µ∂νh0 = 0, we can easily get the solution
h0(x) = Aµx
µ + B , (21)
where Aµ and B are constants. On the other hand, the functions h1 and hs satisfy the
coupled partial differential equations
hs△Y1h1 +△Zh1 = 0, △Zhs = 0 . (22)
The harmonic function hs that satisfies the second differential equation in (18d) has the
form
hs = 1 +
∑
l
Ml
|z − zℓ|dz−2 , (23)
where dz ≡ D + p − pr − ps − 1, and zal are locations of the l-th ps-brane with charge Ml.
We will mainly discuss the case in which the ps-branes coincide at the same location in the
overall transverse directions. Now we choose the following form of the harmonic function
hs:
hs(z) =
M
|z − z0|dz−2 , (24)
where M is constant, z0 is the location of the stack of ps-branes. It is not so easy to find
solutions for the harmonic function h1 in the case where each of the ps-branes are located
at different points along the z-directions.
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If the dimensionality of the overall transverse space is dz 6= 2 and dz 6= 4, the equation
(22) can be solved as [18]
h1(y, z) = 1 +
Mℓ[
|y − yℓ|2 + 4M(4−dz)2 |z − z0|4−dz
] 1
2
(ps−p−1+ dz4−dz )
, (25)
where Mℓ is constant. Hence, the functions hr and hs can be written explicitly as
hr(x, y, z) = Aµx
µ +B +
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(4−dz)2 |z − z0|4−dz
] 1
2
(ps−p−1+ dz4−dz )
, (26a)
hs(z) =
M
|z − z0|dz−2 , (26b)
where Aµ, B, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors
representing the positions of the branes. Since the functions coincide, the locations of the
branes will also coincide. There are curvature singularities at hr = 0 or hs = 0 in the
D-dimensional metric (5). Moreover, we have a singularity at z = z0 unless the scalar field
is trivial.
In the case of dz = 2, we have
hr(x, y, z) = Aµx
µ +B +
∑
ℓ
Mℓ
[|y − yℓ|2 +M |z − z0|2]
1
2
(ps−p)
, (27a)
hs(z) = M ln |z − z0| . (27b)
For dz = 4, the solution of Eq. (22) can be written by
hr(x, y, z) = Aµx
µ +B +
∑
ℓ
Mℓ
[|y − yℓ|2 − (ps − p)M ln |z − z0|] , (28a)
hs(z) =
M
|z − z0|2 . (28b)
We note that the solutions (27) and (28) have curvature singularities not only at hr = 0 but
also at the infinity due to the logarithmic spatial dependence of the metric. There is also a
singularity at z = z0 if the scalar field is nontrivial.
One can easily get the solution for ∂µhr = 0 and ∂µhs 6= 0 if the roles of Y1 and Y2 are
exchanged. The solution of field equations for dz 6= 2 and dz 6= 4 are written as
hs(x, v, z) = Aµx
µ +B +
∑
ℓ
Mℓ[
|v − vℓ|2 + 4M(4−dz)2 |z − z0|4−dz
] 1
2
(pr−p−1+ dz4−dz )
, (29a)
hr(z) =
M
|z − z0|dz−2 , (29b)
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where vℓ is constant vector representing the position of the ps-branes.
For dz = 2 and dz = 4, the harmonic functions have logarithmic spatial dependence like
(27) and (28).
Let us briefly summarize the intersecting rules in eleven-dimensional supergravity and in
ten-dimensional string theory. For the M-branes in eleven-dimensional supergravity, there
is 4-form field strength without scalar field, the intersection rule χ = 0 gives
p =
(pr + 1)(ps + 1)
9
− 1 , (30)
where p is the number of overlapping dimensions of the pr and ps branes. Hence, we find
the intersections involving the M2 and M5-branes [2, 4, 20, 22]
M2 ∩M2 = 0, M2 ∩M5 = 1, M5 ∩M5 = 3. (31)
On the other hand, for the ten-dimensional string theory, the couplings to the scalar field
for the RR-charged D-branes are expressed as
ǫrcr =
1
2
(3− pr) , ǫscs = 1
2
(3− ps) . (32)
Then, the condition χ = 0 gives
p =
1
2
(pr + ps − 4) . (33)
The intersection rules for the D-branes are thus given by [4, 20, 22]
Dpr ∩ Dps = 1
2
(pr + ps)− 2. (34)
Let us finally consider the intersections for NS-branes. The constants cr for fundamental
string (F1) and solitonic 5-brane are ǫ1c1 = −1 (for F1) and ǫ5c5 = 1 (for NS5), respectively.
The intersection rules involving the F1 and NS5-branes are [4, 20, 22]
F1 ∩ NS5 = 1, NS5 ∩ NS5 = 3, (35a)
F1 ∩ Dp¯ = 0, (35b)
Dp¯ ∩ NS5 = p¯− 1, 1 ≤ p¯ ≤ 6. (35c)
We cannot construct solutions for the F1-F1 and D0-NS5 intersecting brane systems because
the numbers of space dimensions for each pairwise overlap are negative by the intersection
rule.
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B. The intersection of p-brane and KK monopole system
Now we discuss the dynamical intersecting brane solutions including KK-monopoles in
D dimensions. The p-branes we have described above carry a charge in D-dimensions.
The Kaluza-Klein (KK) charged objects are also in general branes living in the compactified
space-time and carrying a electric or magnetic charge with respect to the 2-form field strength
generated by dimensional reduction in D-dimensional theory. If the space-time dimension
is D after compactification on one direction, we can obtain an electric KK 0-brane and
a magnetic KK (D − 4)-brane. In the (D + 1)-dimensional uncompactified space-time,
these two objects correspond to configurations where the only non-trivial field is the metric
and which are identified, to a KK-wave and a KK-monopole, respectively. The metric in
the uncompactified space has nontrivial off-diagonal terms necessarily. In this section, we
discuss the KK-monopole and summarize those objects. We extend our brane solutions to
the cases with waves next section.
We will start from the D-dimensional theory, for which the action in the Einstein frame
contains the metric gMN , the dilaton φ, and the antisymmetric tensor field of rank (p+ 2),
F(p+2)
S =
1
2κ2
∫ [
R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2 · (p+ 2)!e
ǫcφ ∗ F(p+2) ∧ F(p+2)
]
, (36)
where κ2 is the D-dimensional gravitational constant, ∗ is the Hodge operator in the D-
dimensional space-time, F(p+2) is the (p+2)-form field strength, and c, ǫ are constants given
by
c2 = N − 2(p+ 1)(D − p− 3)
D − 2 , (37a)
ǫ =

 + if p− brane is electric− if p− brane is magnetic . (37b)
Here N is a constant. The field strength F(p+2) is given by the (p+ 1)-form gauge potential
A(p+1)
F(p+2) = dA(p+1). (38)
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The field equations are given by
RMN =
1
2
∂Mφ∂Nφ
+
1
2 · (p+ 2)!e
ǫcφ
[
(p+ 2)FMA2···Ap+2FN
A2···Ap+2 − p+ 1
D − 2gMNF
2
(p+2)
]
, (39a)
d ∗ dφ− ǫc
2 · (p+ 2)!e
ǫcφ ∗ F(p+2) ∧ F(p+2) = 0, (39b)
d
[
eǫcφ ∗ F(p+2)
]
= 0. (39c)
We assume that the D-dimensional metric takes the form
ds2 = ha(x, y, z)qµν(X)dx
µdxν + hb(x, y, z)
[
γij(Y)dy
idyj
+hk(x, z)uab(Z)dz
adzb + h−1k (x, z) (dv + Aadz
a)2
]
, (40)
where qµν is the (p+ 1)-dimensional metric which depends only on the (p+ 1)-dimensional
coordinates xµ, γij is the (D − p − dz − 2)-dimensional metric which depends only on the
(D − p − dz − 2)-dimensional coordinates yi, and finally uab is the dz-dimensional metric
which depends only on the dz-dimensional coordinates z
a. The parameters a and b in the
metric (40) are given by
a = −4(D − p− 3)
N(D − 2) , b =
4(p+ 1)
N(D − 2) . (41)
The brane configuration is given in Table II . The D-dimensional metric (40) implies that
TABLE II: Intersections of p-brane and KK-monopole in the metric (40).
Case 0 1 · · · p p+ 1 · · · D − dz − 2 D − dz − 1 D − dz · · · D − 1
p ◦ ◦ ◦ ◦
p-KK KK ◦ ◦ ◦ ◦ ◦ ◦ ◦ A1 · · · Adz
xN t x1 · · · xp y1 · · · yD−p−dz−2 v z1 · · · zdz
the solutions are characterized by two functions, h and hk, which depend on the coordinates
transverse to the brane as well as the world volume coordinate.
We also assume that the scalar field φ and the gauge field strength F(p+2) are given by
eφ = h2ǫc/N , (42a)
F(p+2) =
2√
N
d
[
h−1(x, y, z)
] ∧ Ω(X), (42b)
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where Ω(X) denotes the volume (p+ 1)-form
Ω(X) =
√−q dx0 ∧ dx1 ∧ · · · ∧ dxp . (43)
Here, q is the determinant of the metric qµν .
First we consider the Einstein Eq. (39a). Using the assumptions (40), (42) and setting
dz = 3, the Einstein equations are given by
Rµν(X)− 4
N
h−1DµDνh− h−1k DµDνhk +
2
N
(
1− 4
N
)
h−1∂µ lnh∂ν ln h
− a
2
qµν
[
h−1△Xh+ qρσ∂ρ lnh
{(
4
N
− 1
)
∂σ ln h+ ∂σ ln hk
}]
− a
2
qµνh
−1− 4
N
(△Yh+ h−1k △Zh)− 2N (∂µ ln h∂ν ln hk + ∂µ ln hk∂ν ln h) = 0 , (44a)
2
N
(
h−1∂µ∂ih + ∂µ ln hk∂i ln h
)
= 0 , (44b)
2
N
h−1∂µ∂ah+
1
2
h−1k ∂µ∂ahk = 0 , (44c)
Rij(Y)− b
2
h4/Nγij
[
h−1△Xh+ qρσ∂ρ ln h
{(
4
N
− 1
)
∂σ ln h + ∂σ ln hk
}]
− b
2
h−1γij
(△Yh+ h−1k △Zh) = 0 , (44d)
Rab(Z)− b
2
h4/Nhk
(
uab + h
−2
k AaAb
) [
h−1△Xh+ qρσ∂ρ ln h
{(
4
N
− 1
)
∂σ ln h+ ∂σ ln hk
}]
− 1
2
h4/Nhk
(
uab − h−2k AaAb
)(
h−1k △Xhk +
8
N
qρσ∂ρ ln hk∂σ ln h
)
− b
2
h−1hk
(
uab + h
−2
k AaAb
) (△Yh+ h−1k △Zh)− 12h−1k (uab − h−2k AaAb)△Zhk = 0 ,(44e)
−bh4/Nh−1k
[
h−1△Xh + qρσ∂ρ ln h
{(
4
N
− 1
)
∂σ ln h + ∂σ lnhk
}]
+ h4/Nh−1k
(
h−1k △Xhk +
8
N
qρσ∂ρ ln hk∂σ ln h
)
− b (hhk)−1
(△Yh+ h−1k △Zh)+ h−3k △Zhk = 0, (44f)
where we assumed dhk = ∗ZdA(1), Dµ is the covariant derivative with respect to the metric
qµν , and △X, △Y, △Z are the Laplace operators on X, Y, Z space, and Rµν(X), Rij(Y),
Rab(Z) are the Ricci tensors associated with the metrics qµν(X), γij(Y), uab(Z), respectively.
Here ∗Z denotes the Hodge operator on Z. We see from Eqs. (44b), and (44c) that the warp
factors h must take the form
h = h0(x) + h1(y, z), hk = hk(z) , For ∂µhk = 0 . (45)
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If we set ∂µhk = 0 and N = 4, the components of the Einstein Eqs. (44) are rewritten as
Rµν(X)− h−1DµDνh0 − a
2
qµνh
−1 [△Xh0 + h−1 (△Yh1 + h−1k △Zh1)] = 0 , (46a)
Rij(Y)− b
2
γij
[△Xh0 + h−1 (△Yh1 + h−1k △Zh1)] = 0 , (46b)
Rab(Z)− b
2
hk
(
uab + h
−2
k AaAb
) [△Xh0 + h−1 (△Yh1 + h−1k △Zh1)]
−1
2
h−1k
(
uab − h−2k AaAb
)△Zhk = 0 , (46c)
b (hhk)
−1 (h△Xh0 +△Yh1 + h−1k △Zh1)− h−3k △Zhk = 0 . (46d)
Next we consider the gauge field Eqs. (39c). Under the assumption (42b) and setting
dz = 3, we find
d
[
hk∂ih
(∗Ydyi) ∧ Ω(Z) + ∂ah (∗Zdza) ∧ Ω(Y)] ∧ dv = 0, (47)
where ∗Y, ∗Z denote the Hodge operator on Y, Z, respectively, and Ω(Y), Ω(Z) denote the
volume (D − p− 5)-, 3-form respectively:
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ · · · ∧ dyD−p−5 , (48a)
Ω(Z) =
√
u dz1 ∧ dz2 ∧ dz3 . (48b)
Then, the Eq. (47) gives
hk△Yh+△Zh = 0, ∂µ∂ih+ ∂µhk∂ih = 0, ∂µ∂ah = 0, (49)
where △Y, △Z are the Laplace operators on the space of Y, Z, respectively.
Finally we should consider the scalar field equation. Substituting Eqs. (42) and (45) into
Eq. (39b), we obtain
2ǫc
N
h−b+4/N
[
h−1△Xh0 + qρσ∂ρ ln h∂σ ln hk −
(
1− 4
N
)
qρσ∂ρ ln h∂σ ln h
+h−1−4/N
(△Yh1 + h−1k △Zh1)] = 0. (50)
Thus, for N = 4, the warp factor h should satisfy the equations
△Xh0 = 0, ∂µh0∂νhk = 0, △Yh1 + h−1k △Zh1 = 0 . (51)
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Combining these, we find that these field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, dz = 3, (52a)
h = h0(x) + h1(z), (52b)
DµDνh0 = 0, ∂µh0∂νhk = 0, ∂µhk∂ih1 = 0,
(
1− 4
N
)
qρσ∂ρ ln h∂σ ln h = 0,(52c)
h
4/N
k △Yh1 +△Zh1 = 0 , △Zh1 = 0 . (52d)
The function h can depend on the coordinate x only if N = 4 . If F(p+2) = 0, the function
h1 becomes trivial.
As a special example, let us consider the case
qµν = ηµν , γij = δij , uab = δab , (53a)
N = 4, hk = hk(z) , (53b)
where ηµν is the (p + 1)-dimensional Minkowski metric and δij , δab are the (D − 5 − p)-,
three-dimensional Euclidean metrics, respectively. The solution for h and hk can be obtained
explicitly as
h(x, y, z) = Aµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]
1
2
(D−p−3) , (54a)
hk(z) =
M
|z − z0| , (54b)
where Aµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors rep-
resenting the positions of the branes. Since the functions coincide, the locations of the
branes will also coincide. The D-dimensional metric (40) exists for h > 0 and has curvature
singularities at h = 0.
C. The intersection of p-brane and plane wave system
Let us next consider the solutions with the plane wave. One can obtain the electric 0-
brane and the magnetic (D − 5)-brane solutions in (D − 1)-dimensional spacetime because
the dimensional reduction generates the Kaluza-Klein charge in the 2-form field strengths.
After we lift up those solutions by one dimension, we obtain the plane wave solutions in
D-dimensions. We briefly discuss the plane wave solution in this section.
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Now we look for solution whose spacetime metric has the form
ds2 = haw(t, z)
[−dt2 + dx2 + {hw(t, y, z)− 1} (dt− dx)2 + γij(Y)dyidyj]
+hbw(t, z)uab(Z)dz
adzb, (55)
where γij is the (p− 1)-dimensional metric which depends only on the (p− 1)-dimensional
coordinates yi, and finally uab is the (D− p− 1)-dimensional metric which depends only on
the (D − p− 1)-dimensional coordinates za. The parameters a and b in the metric (55) are
given by
aw = −4(D − p− 3)
N(D − 2) , bw =
4(p+ 1)
N(D − 2) . (56)
We show the brane configuration in Table III .
TABLE III: Intersections of p-brane and plane wave in the metric (55).
Case 0 1 2 · · · p p+ 1 · · · D − 1
p ◦ ◦ ◦ ◦ ◦
p-W W ◦
xN t x y1 · · · yp−1 z1 · · · zD−p−1
We also assume that the scalar field φ and the gauge field strength F(p+2) are given by
eφ = h2ǫc/N (57a)
F(p+2) =
2√
N
d
[
h−1(t, z)
] ∧ dt ∧ dx ∧ Ω(Y) , (57b)
where c, ǫ are constants given by (37), and Ω(Y) denotes the volume (p− 1)-form :
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ · · · ∧ dyp−1 . (58)
Here, γ is the determinant of the metric γij.
First, we consider the Einstein Eqs. (39a). Using the assumptions (55) and (57), the
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Einstein equations are given by[
aw(2− hw)hw + 8
N
]
h−1∂2t h + (2− hw)∂2t hw +△Yhw + h−
4
N△Zhw + 1
2
(2− hw)h−1− 4N△Zh
+
4
N
(
4
N
− 1
)
(∂t ln h)
2 + awhw(2− hw)
[(
4
N
− 1
)
∂t ln h+ ∂t ln hw
]
∂t ln h
+
4
N
(2− hw)∂t ln h∂thw = 0 , (59a)
∂t∂ihw +
4
N
∂t lnh∂ihw = 0 , (59b)
∂t∂ahw +
4
N
h−1∂t∂ah = 0 , (59c)
awh
2
wh
−1∂2t h+ hw∂
2
t hw −△Yhw − h−4/N△Zhw − awhwh−1−
4
N△Zh
− awh2w
[(
4
N
− 1
)
∂t ln h+ ∂t ln hw
]
∂t ln h = 0 , (59d)
Rij(Y) +
aw
2
hwγij
[
h−1∂2t h +
{(
4
N
− 1
)
∂t ln h+ ∂t ln hw
}
∂t ln h
]
− aw
2
h−1−
4
N γij△Zh = 0 , (59e)
Rab(Z) +
aw
2
h4/Nhwuab
[
h−1∂2t h +
{(
4
N
− 1
)
∂t ln h+ ∂t ln hw
}
∂t ln h
]
− bw
2
h−1uab△Zh = 0 , (59f)
where △Y, △Z are the Laplace operators on Y, Z space, and Rij(Y), Rab(Z) are the Ricci
tensors associated with the metrics γij(Y), uab(Z), respectively.
We see from Eqs. (59b), and (59c) that the warp factors h must take the form
h = h0(t) + h1(z), hw = hw(y, z) , For ∂thw = 0 , (60a)
h = h(z), hw = k0(t) + k1(y, z) , For ∂th = 0. (60b)
If we set ∂th = 0, the components of the Einstein Eqs. (59) are rewritten as
(2− hw)∂2t k0 +△Yk1 + h−1△Zk1 +
1
2
(2− hw)h−2△Zh = 0 , (61a)
hw∂
2
t k0 −△Yk1 − h−1△Zk1 − awhwh−2△Zh = 0 , (61b)
Rij(Y)− aw
2
γijh
−2△Zh = 0 , (61c)
Rab(Z)− bw
2
uabh
−1△Zh = 0 . (61d)
Now we consider the gauge field Eqs. (39c). Under the assumption (57b), we find
d [∂ah (∗Zdza)] = 0 , (62)
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where ∗Z denote the Hodge operator on Z .
Then, the Eq. (62) gives
△Zh = 0, ∂t∂ah = 0 . (63)
Finally we should consider the scalar field equation. Substituting Eqs. (57) and (60) into
Eq. (39b), we obtain
2ǫc
N
h−b+4/N−1hw
[
∂2t h0 +
{(
4
N
− 1
)
∂t ln h+ ∂t ln hw
}
∂th0 − h−4/Nh−1w △Zh1
]
= 0 , (64)
where we used (60a) . Thus, the warp factor h should satisfy the equations
∂2t h0 = 0,
(
4
N
− 1
)
∂t ln h+ ∂t ln hw = 0 , △Zh1 = 0 . (65)
Combining these, we find that these field equations lead to
Rij(Y) = 0, Rab(Z) = 0, (66a)
h = h0(t) + h1(z), (66b)
∂2t h0 = 0, ∂th0∂thw = 0,
(
4
N
− 1
)
∂t ln h+ ∂t ln hw = 0, △Zh1 = 0, (66c)
h4/N△Yhw +△Zhw = 0. (66d)
The function h can depend on the coordinate t only if N = 4 . We can also choose the
solution in which the function hw depends on t. Then, we have
Rij(Y) = 0, Rab(Z) = 0, (67a)
h = h(z), hw = k0(t) + k1(y, z), (67b)
∂2t k0 = 0, h
4/N△Yk1 +△Zk1 = 0 . (67c)
If F(p+2) = 0, the functions h1 become trivial.
As a special example, let us consider the case
γij = δij , uab = δab , (68a)
N = 4, h = h(z) , (68b)
where δij, δab are the (p− 1)-, (D− p− 1)-dimensional Euclidean metrics, respectively. This
physically means that both branes have the same total amount of charge. The solution for
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h and hw can be obtained explicitly as
hw(t, z) = Aµx
µ +B +
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(D−p−5)2 |z − z0|−D+p+5
] 1
2
(p−2−D−p−1
D−p−5
)
, (69a)
h(z) =
M
|z − z0|D−p−3 , (69b)
where Aµ, B, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors
representing the positions of the branes. Since the functions coincide, the locations of the
branes will also coincide. Even if the near-brane structure is regular, we expect another type
of singularity may appear at hw = 0 due to the presence of the time dependence. For c 6= 0,
the D-dimensional spacetime has curvature singularities where z = z0 since the scalar field
diverges there.
III. THE INTERSECTION OF DYNAMICAL BRANES IN ELEVEN-
DIMENSIONAL THEORY
In this section, we apply the above solutions to eleven-dimensional theory. In this theory,
we have a 4-form field strength and no dilaton. The 4-form gives rise to 2- and 5-branes,
called, respectively, M2 and M5. We also obtain the KK-wave and KK-monopole in eleven
dimensions. In particular, KK-wave is called ”M-wave” in eleven-dimensional theory [2, 25,
26]. The 11-dimensional action which contains the metric gMN , and 4-form field strength
F(4) is given by
S =
1
2κ2
∫ [
R ∗ 1− 1
2 · 4! ∗ F(4) ∧ F(4)
]
, (70)
where κ2 is the eleven-dimensional gravitational constant, ∗ is the Hodge operator in the
eleven-dimensional space-time. The field strengths F(4) is given by the 3-form gauge potential
F(4) = dC(3) . (71)
The field equations are given by
RMN =
1
2 · 4!
[
4FMABCFN
ABC − 1
2
gMNF
2
(4)
]
, (72a)
d
[∗F(4)] = 0 , dF(4) = 0 . (72b)
In the following, we discuss the dynamical brane solution for all the possible combinations
of intersecting brane pairs in the eleven-dimensional theory.
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A. The intersection of two M2-branes
Let us consider the solution of two M2-branes. We assume that the eleven-dimensional
metric is written by
ds2 = h
−2/3
2 (t, y, z)h¯
−2/3
2 (z)
[−dt2 + h2(t, y, z)γij(Y1)dyidyj
+h¯2(z)wmn(Y2)dv
mdvn + h2(t, y, z)h¯2(z)uab(Z)dz
adzb
]
, (73)
where γij is the two-dimensional metric which depends only on the two-dimensional coor-
dinates yi, wmn is the two-dimensional metric which depends only on the two-dimensional
coordinates vm, and finally uab is the six-dimensional metric which depends only on the
six-dimensional coordinates za.
We also assume that the gauge field strength F(4) is given by
F(4) = d
[
h−12 (t, y, z) dt ∧ Ω(Y2) + h¯−12 (z) dt ∧ Ω(Y1)
]
, (74)
where Ω(Y1) and Ω(Y2) denote the volume two-form and two-form, respectively
Ω(Y1) =
√
γ dy1 ∧ dy2 , (75a)
Ω(Y2) =
√
w dv1 ∧ dv2 . (75b)
Here, γ and w are the determinant of the metric γij, and wmn, respectively.
In terms of ansatz for fields (73) and (74), the field equations lead to
Rij(Y1) = 0, Rmn(Y2) = 0, Rab(Z) = 0, (76a)
h2 = h0(t) + h1(y, z) , ∂
2
t h0 = 0, h¯2△Y1h1 +△Zh1 = 0 , △Zh¯2 = 0 , (76b)
where △Y1 , △Z are the Laplace operators on Y1, Z space, and Rij(Y1), Rmn(Y2), Rab(Z)
are the Ricci tensors associated with the metrics γij(Y1), wmn(Y2), uab(Z), respectively. As
a special example, let us consider the case
γij = δij , wmn = δmn , uab = δab , (77)
where δij, δmn, δab are the two-, two-, six-dimensional Euclidean metrics, respectively. The
solution for h2 and h¯2 can be obtained explicitly as
h2(t, y, z) = c¯t+ c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 +M |z − z0|−2] , (78a)
h¯2(z) =
M
|z − z0|4 , (78b)
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where c¯, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes. Since the functions coincide, the locations of the branes
will also coincide. If we delocalize along n of the overall transverse directions, the harmonic
functions take the following form:
h2(t, y, z) = c¯t+ c˜+
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(n−2)2 |z − z0|n−2
]2/(n−2) , (79a)
h¯2(z) =
M
|z − z0|4−n . (79b)
B. Intersecting M2- and M5-branes
Next we consider the solution of M2-M5 branes. We assume that the eleven-dimensional
metric is written by
ds2 = h
−2/3
2 (x, y, z)h
−1/3
5 (z)
[
qµν(X)dx
µdxν + h2(x, y, z)γij(Y)dy
idyj
+h5(z)dv
2 + h2(x, y, z)h5(z)uab(Z)dz
adzb
]
, (80)
where qµν is the two-dimensional metric which depends only on the two-dimensional coor-
dinates xµ, γij is the four-dimensional metric which depends only on the four-dimensional
coordinates yi, and finally uab is the four-dimensional metric which depends only on the
four-dimensional coordinates za.
We also assume that the gauge field strength F(4) is given by
F(4) = d
[
h−12 (x, y, z)
] ∧ Ω(X) ∧ dv + ∗ [dh−15 (z) Ω(X) ∧ Ω(Y)] , (81)
where Ω(X) and Ω(Y) denote the volume two-form and four-form, respectively
Ω(X) =
√−q dx0 ∧ dx1 , (82a)
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ dy3 ∧ dy4 . (82b)
Here, q and γ are the determinant of the metric qµν and γij, respectively.
In terms of ansatz for fields (80) and (81), the field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, (83a)
h2 = h0(x) + h1(y, z), (83b)
DµDνh0 = 0, h5△Yh1 +△Zh1 = 0 , △Zh5 = 0 , (83c)
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where Dµ is the covariant derivative constructed by the metric qµν , and △Y, △Z are the
Laplace operators on Y, Z space, and Rµν(X), Rij(Y), Rab(Z) are the Ricci tensors associated
with the metrics qµν(X), γij(Y), uab(Z), respectively. As a special example, let us consider
the case
qµν = ηµν , γij = δij , uab = δab , (84)
where ηµν is the two-dimensional Minkowski metric and δij, δab are the four-, four-
dimensional Euclidean metrics, respectively. The solution for h2 and h5 can be obtained
explicitly as
h2(x, y, z) = cµx
µ + c˜ +
∑
ℓ
Mℓ
[|y − yℓ|2 − 4M ln |z − z0|] , (85a)
h5(z) =
M
|z − z0|2 , (85b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
C. The intersection of two M5-branes
Let us consider the solution of two M5-branes. We assume that the eleven-dimensional
metric is written by
ds2 = h
−1/3
5 (x, y, z)h¯
−1/3
5 (z)
[
qµν(X)dx
µdxν + h5(x, y, z)γij(Y1)dy
idyj
+h¯5(z)wmn(Y2)dv
mdvn + h5(x, y, z)h¯5(z)uab(Z)dz
adzb
]
, (86)
where qµν is the four-dimensional metric which depends only on the four-dimensional coor-
dinates xµ, γij is the two-dimensional metric which depends only on the two-dimensional co-
ordinates yi, wmn is the two-dimensional metric which depends only on the two-dimensional
coordinates vm, and finally uab is the three-dimensional metric which depends only on the
three-dimensional coordinates za.
We also assume that the gauge field strength F(4) is given by
F(4) = ∗d
[
h−15 (x, y, z) Ω(X) ∧ Ω(Y2) + h¯−15 (z) Ω(X) ∧ Ω(Y1)
]
, (87)
where Ω(X), Ω(Y1) and Ω(Y2) denote the volume four-form, two-form and two-form, re-
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spectively
Ω(X) =
√−q dx0 ∧ dx1 ∧ dx2 ∧ dx3 , (88a)
Ω(Y1) =
√
γ dy1 ∧ dy2 , (88b)
Ω(Y2) =
√
w dv1 ∧ dv2 . (88c)
Here, q, γ and w are the determinant of the metric qµν , γij, and wmn, respectively.
In terms of ansatz for fields (86) and (87), the field equations lead to
Rµν(X) = 0 , Rij(Y1) = 0 , Rmn(Y2) = 0 , Rab(Z) = 0, (89a)
h5 = h0(x) + h1(y, z) , (89b)
DµDνh0 = 0 , h¯5△Y1h1 +△Zh1 = 0 , △Zh¯5 = 0 , (89c)
where Dµ is the covariant derivative constructed by the metric qµν , and △Y1, △Z are the
Laplace operators on Y1, Z space, and Rµν(X), Rij(Y1), Rmn(Y2), Rab(Z) are the Ricci
tensors associated with the metrics qµν(X), γij(Y1), wmn(Y2), uab(Z), respectively. As a
special example, let us consider the case
qµν = ηµν , γij = δij , wmn = δmn , uab = δab , (90)
where ηµν is the four-dimensional Minkowski metric and δij, δmn, δab are the two-, two-
, three-dimensional Euclidean metrics, respectively. The solution for h5 and h¯5 can be
obtained explicitly as
h2(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]2
, (91a)
h5(z) =
M
|z − z0| , (91b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
D. The intersection of M2-brane and one Kaluza-Klein monopole
Now we discuss the KK-monopole in the transverse space of M2-brane. We assume that
the eleven-dimensional metric takes the form
ds2 = h
−2/3
2 (x, y, z)qµν(X)dx
µdxν + h
1/3
2 (x, y, z)
[
γij(Y)dy
idyj
+hk(z)uab(Z)dz
adzb + h−1k (z) (dv + Aadz
a)2
]
, (92)
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where qµν is the three-dimensional metric which depends only on the three-dimensional co-
ordinates xµ, γij is the four-dimensional metric which depends only on the four-dimensional
coordinates yi, and finally uab is the three-dimensional metric which depends only on the
three-dimensional coordinates za.
We also assume that the gauge field strength F(4) is given by
F(4) = d
[
h−12 (x, y, z)
] ∧ Ω(X), (93)
where Ω(X) denotes the volume three-form
Ω(X) =
√−q dx0 ∧ dx1 ∧ dx2 . (94)
Here, q is the determinant of the metric qµν .
In terms of ansatz for fields (92) and (93), the field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, (95a)
h2 = h0(x) + h1(y, z), dhk = ∗ZdA , (95b)
DµDνh0 = 0, hk△Yh1 +△Zh1 = 0 , △Zhk = 0 , (95c)
where Dµ is the covariant derivative with respect to the metric qµν , and ∗Z denotes the Hodge
operator on Z, and△Y, △Z are the Laplace operators on X, Y, Z space, and Rµν(X), Rij(Y),
Rab(Z) are the Ricci tensors associated with the metrics qµν(X), γij(Y), uab(Z), respectively.
As a special example, let us consider the case
qµν = ηµν , γij = δij , uab = δab , (96)
where ηµν is the three-dimensional Minkowski metric and δij , δab are the four-, three-
dimensional Euclidean metrics, respectively. The solution for h2 and hk can be obtained
explicitly as
h2(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]3
, (97a)
hk(z) =
M
|z − z0| , (97b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes. Since the functions coincide, the locations of the branes
will also coincide.
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E. The intersection of M5-brane and one Kaluza-Klein monopole
In this subsection, we discuss the KK-monopole in the transverse space of the M5-brane.
We assume that the eleven-dimensional metric takes the form
ds2 = h
−1/3
5 (x, y, z)qµν(X)dx
µdxν + h
2/3
5 (x, y, z)
[
dy2
+hk(z)uab(Z)dz
adzb + h−1k (z) (dv + Aadz
a)2
]
, (98)
where qµν is the six-dimensional metric which depends only on the six-dimensional coordi-
nates xµ, and finally uab is the three-dimensional metric which depends only on the three-
dimensional coordinates za.
We also assume that the gauge field strength F(4) is given by
F(4) = ∗d
[
h−15 (x, y, z) ∧ Ω(X)
]
, (99)
where Ω(X) denotes the volume six-form
Ω(X) =
√−q dx0 ∧ dx1 ∧ · · · ∧ dx5 . (100)
Here, q is the determinant of the metric qµν .
In terms of ansatz for fields (98) and (99), the field equations lead to
Rµν(X) = 0, Rab(Z) = 0, (101a)
h5 = h0(x) + h1(y, z), dhk = ∗ZdA , (101b)
DµDνh0 = 0, hk∂
2
yh1 +△Zh1 = 0 , △Zhk = 0 , (101c)
where Dµ is the covariant derivative with respect to the metric qµν , and ∗Z denotes the
Hodge operator on Z, △X, △Z are the Laplace operators on X, Z space, and Rµν(X), Rab(Z)
are the Ricci tensors associated with the metrics qµν(X), uab(Z), respectively.
As a special example, let us consider the case
qµν = ηµν , uab = δab , (102)
where ηµν is the six-dimensional Minkowski metric and δab is the three-dimensional Euclidean
metric. The solution for h5 and hk can be obtained explicitly as
h5(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]3/2
, (103a)
hk(z) =
M
|z − z0| , (103b)
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where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes. Since the functions coincide, the locations of the branes
will also coincide.
F. The intersection involving plane wave and M2-brane
We present the M2-brane with the plane wave propagating along its longitudinal direction.
We assume that the eleven-dimensional metric takes the form
ds2 = h
−2/3
2 (z)
[−dt2 + dx2 + dy2 + {hw(t, y, z)− 1} (dt− dx)2
+h2(z)uab(Z)dz
adzb
]
, (104)
where uab is the eight-dimensional metric which depends only on the eight-dimensional
coordinates za.
We also assume that the gauge field strength F(4) is given by
F(4) = d
[
h−12 (z)
] ∧ dt ∧ dx ∧ dy . (105)
In terms of ansatz for fields (104) and (105), the field equations lead to
Rab(Z) = 0, (106a)
hw = h0(t) + h1(y, z) , ∂
2
t h0 = 0, h2∂
2
yh1 +△Zh1 = 0 , △Zh2 = 0 , (106b)
where △Z is the Laplace operator on Z space, and Rab(Z) are the Ricci tensor associated
with the metric uab(Z). As a special example, let us consider the case
uab = δab , (107)
where δab is the eight-dimensional Euclidean metrics, respectively. The solution for h2 and
hw can be obtained explicitly as
hw(t, y, z) = c¯t+ c˜+
∑
ℓ
Mℓ[|y − yℓ|2 + M4 |z − z0|−4]−1 , (108a)
h2(z) =
M
|z − z0|6 , (108b)
where c¯, c˜,Mℓ andM are constant parameters, and yℓ and z0 are constant vectors represent-
ing the positions of the branes. If we delocalize along n of the overall transverse directions,
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the harmonic functions take the following form:
hw(t, y, z) = c¯t + c˜+
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(n−4)2 |z − z0|n−4
] 8−n
2(n−4)
, (109a)
h2(z) =
M
|z − z0|6−n . (109b)
G. The intersection involving wave and M5-brane
We present the M5-brane with the plane wave propagating along its longitudinal direction.
We assume that the eleven-dimensional metric takes the form
ds2 = h
−1/3
5 (z)
[−dt2 + dx2 + {hw(t, y, z)− 1} (dt− dx)2
+γij(Y)dy
idyj + h5(z)uab(Z)dz
adzb
]
, (110)
where γij is the four-dimensional metric which depends only on the four-dimensional coor-
dinates yi, and finally uab is the five-dimensional metric which depends only on the five-
dimensional coordinates za.
We also assume that the gauge field strength F(4) is given by
F(4) = ∗d
[
h−15 (z) ∧ dt ∧ dx ∧ Ω(Y)
]
, (111)
where Ω(Y) denotes the volume four-form
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ dy3 ∧ dy4 . (112)
Here, γ is the determinant of the metric γij.
In terms of ansatz for fields (110) and (111), the field equations lead to
Rij(Y) = 0, Rab(Z) = 0, (113a)
hw = h0(t) + h1(y, z) , ∂
2
t h0 = 0, h5△Yh1 +△Zh1 = 0 , △Zh5 = 0 , (113b)
where △Y, △Z are the Laplace operators on Y, Z space, and Rij(Y), Rab(Z) are the Ricci
tensors associated with the metrics γij(Y), uab(Z), respectively. As a special example, let us
consider the case
γij = δij , uab = δab , (114)
29
where δij, δab are the four-, five-dimensional Euclidean metrics, respectively. The solution
for h5 and hw can be obtained explicitly as
hw(t, y, z) = c¯t + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|−1]−1
, (115a)
h5(z) =
M
|z − z0|3 , (115b)
where c¯, c˜,Mℓ andM are constant parameters, and yℓ and z0 are constant vectors represent-
ing the positions of the branes. If we delocalize along n of the overall transverse directions,
the harmonic functions take the following form:
hw(t, y, z) = c¯t+ c˜ +
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(n−1)2 |z − z0|n−1
](n+1)/(n−1) , (116a)
h5(z) =
M
|z − z0|3−n . (116b)
H. The plane wave in the KK-monopole background
We consider the plane wave propagating in the background of the KK-monopole. The
solution of ten-dimensional metric is given by
ds2 = −dt2 + dx2 + {hw(t, y, z)− 1} (dt− dx)2 + γij(Y)dyidyj
+hk(z)uab(Z)dz
adzb + h−1k (z) (dv + Aadz
a)2 , (117)
where γij is the five-dimensional metric which depends only on the five-dimensional co-
ordinates yi, and finally uab is the three-dimensional metric which depends only on the
three-dimensional coordinates za.
The ten-dimensional metric and the function hk obey
Rij(Y) = 0, Rab(Z) = 0, (118a)
hw = h0(t) + h1(y, z), ∂
2
t h0 = 0, hk△Yh1 +△Zh1 = 0 , △Zhk = 0 , (118b)
dhk = ∗ZdA , (118c)
where ∗Z is the Hodge operator in the Z space, and △Y, △Z are the Laplace operators on
Y, Z space, and Rij(Y), Rab(Z) are the Ricci tensors associated with the metrics qµν(X),
γij(Y), uab(Z), respectively. As a special example, let us consider the case
γij = δij , uab = δab , (119)
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where δij , δab are the five-, three-dimensional Euclidean metrics, respectively. The solution
for h and hk can be obtained explicitly as
hw(t, y, z) = c¯t+ c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]7/2
, (120a)
hk(z) =
M
|z − z0| , (120b)
where c¯, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes. Since the functions coincide, the locations of the branes
will also coincide.
For the static case, there is a classification of the multiple intersecting branes with the M-
waves and/or KK-monopoles [27, 28]. The dynamical delocalized branes are also classified
in [2]. We show the intersection rule for the branes with M-wave and KK-monopoles, which
is summarized in Table IV. In the Table, circles indicate where the brane world-volumes
enter, v represents the coordinate of the KK-monopole, and the time-dependent branes are
indicated by
√
for different solutions.
IV. THE INTERSECTION OF DYNAMICAL BRANES IN TEN-DIMENSIONAL
THEORY
In this section, we apply the dynamical brane solutions to ten-dimensional string theory.
The ten-dimensional action for the p-brane system in the Einstein frame can be written as
S =
1
2κ2
∫ [
R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2 · 3!e
−φ ∗H(3) ∧H(3)
−
∑
I
1
2 · (pI + 2)!e
(3−pI)φ/2 ∗ F(pI+2) ∧ F(pI+2)
]
, (121)
where κ2 is the ten-dimensional gravitational constant, and φ is the dilaton, and ∗ is the
Hodge operator in the ten-dimensional spacetime, and H(3), F(pI+2) are 3-, (pI + 2)-form
field strength, respectively. We assume that the field strengths H(3), F(pI+2) are given by
following gauge potentials
H(3) = dB(2) , F(pI+2) = dC(pI+1) . (122)
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The field equations are given by
RMN =
1
2
∂Mφ∂Nφ+
1
2 · 3!e
−φ
[
3HMABHN
AB − 1
4
gMNH
2
(3)
]
+
∑
I
e(3−pI )φ/2
2 · (pI + 2)!
[
(pI + 2)FMA1···ApI+1FN
A1···ApI+1 − 1
8
(pI + 1)gMNF
2
(pI+2)
]
, (123a)
d ∗ dφ+ 1
2 · 3!e
−φ ∗H(3) ∧H(3) −
∑
I
(3− pI)
4 · (pI + 2)!e
(3−pI )φ/2 ∗ F(pI+2) ∧ F(pI+2) = 0, (123b)
d
[
e−φ ∗H(3)
]
= 0 , (123c)
d
[
e(3−pI )φ/2 ∗ F(pI+2)
]
= 0 . (123d)
In what follows, we look for the possible configurations of intersecting branes and present
explicit solutions. The case with waves or KK-monopoles will be also discussed.
A. The intersection involving two Dp-brane
Let us first discuss the dynamical solution of two Dp-branes. The ten-dimensional metric
thus takes the form
ds2 = h(p−7)/8(x, y, z)h¯(p−7)/8(z)
[
qµν(X)dx
µdxν + h(x, y, z)γij(Y1)dy
idyj
+h¯(z)wmn(Y2)dv
mdvn + h(x, y, z)h¯(z)uab(Z)dz
adzb
]
, (124)
where qµν is the (p− 1)-dimensional metric which depends only on the (p− 1)-dimensional
coordinates xµ, γij is the two-dimensional metric which depends only on the two-dimensional
coordinates yi, wmn is the two-dimensional metric which depends only on the two-
dimensional coordinates wm, and finally uab is the (7−p)-dimensional metric which depends
only on the (7− p)-dimensional coordinates za.
We also assume that the scalar field φ and the gauge field strength F(4) are given by
eφ =
(
hh¯
)(3−p)/4
, (125a)
F(p+2) = d
[
h−1(x, y, z)
]
Ω(X) ∧ Ω(Y1) + d
[
h¯−1(z)
]
Ω(X) ∧ Ω(Y2), (125b)
where Ω(X), Ω(Y1), Ω(Y2) denote the volume (p− 1)-, two-, two-form, respectively
Ω(X) =
√−q dx0 ∧ dx1 ∧ · · · ∧ dxp−2 , (126a)
Ω(Y1) =
√
γ dy1 ∧ dy2 , (126b)
Ω(Y2) =
√
w dv1 ∧ dv2 . (126c)
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Here, q, γ, w are the determinant of the metrics qµν , γij, wmn.
In terms of ansatz for fields (124) and (125), the field equations lead to
Rµν(X) = 0, Rij(Y1) = 0, Rmn(Y2) = 0, Rab(Z) = 0, (127a)
h = h0(x) + h1(y, z) DµDνh0 = 0, h¯△Y1h1 +△Zh1 = 0 , △Zh¯ = 0 , (127b)
where Dµ is the covariant derivative with respect to the metric qµν , and △Y1, △Z are the
Laplace operators on Y1, Z space, and Rµν(X), Rij(Y1), Rmn(Y2), Rab(Z) are the Ricci
tensors associated with the metrics qµν(X), γij(Y1), wmn(Y2), uab(Z), respectively.
Let us consider the case
qµν = ηµν , γij = δij , wmn = δmn , uab = δab , (128)
where ηµν is the (p− 1)-dimensional Minkowski metric and δij, δmn, δab are the two-, two-,
(7− p)-dimensional Euclidean metrics, respectively. For p 6= 3 and p 6= 5, the solution for h
and h¯ can be obtained explicitly as
h(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(p−3)2 |z − z0|p−3
] 2
p−3
, (129a)
h¯(z) =
M
|z − z0|5−p , (129b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes. Since the functions coincide, the locations of the branes
will also coincide. In the case of p = 3, the field equations give
hF(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 − 2M ln |z − z0|] , (130a)
h(z) =
M
|z − z0|2 . (130b)
For p = 5, the solution becomes
h(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 +M |z − z0|2] , (131a)
h¯(z) = M ln |z − z0| . (131b)
B. The intersection of Dp-D(p + 2) branes
Next we discuss the Dp-branes ending on D(p+2)-branes. Let us consider the solution to
be delocalized along the relative transverse direction of the Dp-branes. The ten-dimensional
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metric thus takes the form
ds2 = h(p−7)/8p (x, y, z)h
(p−5)/8
p+2 (z)
[
qµν(X)dx
µdxν + hp(x, y, z)γij(Y)dy
idyj
+hp+2(z)dv
2 + hp(x, y, z)hp+2(z)uab(Z)dz
adzb
]
, (132)
where qµν is the p-dimensional metric which depends only on the p-dimensional coordinates
xµ, γij is the three-dimensional metric which depends only on the three-dimensional co-
ordinates yi, and finally uab is the (6 − p)-dimensional metric which depends only on the
(6− p)-dimensional coordinates za.
We also assume that the scalar field φ and the gauge field strengths F(p+2), F(p+4) are
given by
eφ = h(3−p)/4p h
(1−p)/4
p+2 , (133a)
F(p+2) = d
[
h−1p (x, y, z)
] ∧ Ω(X) ∧ dv, (133b)
F(p+4) = d
[
h−1p+2(z)
] ∧ Ω(X) ∧ Ω(Y), (133c)
where Ω(X) and Ω(Y) denote the volume p-, 3-form, respectively
Ω(X) =
√−q dx0 ∧ dx1 ∧ · · · ∧ dxp−1 , (134a)
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ dy3 . (134b)
Here, q, γ are the determinant of the metrics qµν , γij.
Under the assumptions (162) and (163), the field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, (135a)
hp = h0(x) + h1(y, z) , DµDνh0 = 0, hp+2△Yh1 +△Zh1 = 0 , △Zhp+2 = 0 ,(135b)
where Dµ is the covariant derivative with respect to the metric qµν , and △Y, △Z are the
Laplace operators on Y, Z space, and Rij(X), Rij(Y), Rab(Z) are the Ricci tensors as-
sociated with the metrics qµν(X), γij(Y), uab(Z), respectively. Now we assume that the
ten-dimensional metric is given by
qµν = ηµν , γij = δij , uab = δab , (136)
where ηµν is the p-dimensional Minkowski metric and δij, δab are the three-, (6 − p)-
dimensional Euclidean metrics, respectively. For p 6= 2, p 6= 4, the solution for hp and
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hp+2 can be obtained explicitly as
hp(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(p−2)2 |z − z0|p−2
] p+2
2(p−2)
, (137a)
hp+2(z) =
M
|z − z0|4−p , (137b)
where A, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
If we set p = 2, the solution becomes
h2(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 − 3M ln |z − z0|] , (138a)
h4(z) =
M
|z − z0|2 . (138b)
Next we consider the case of p = 4 . The solution is given by
h4(x, y, z) = cµx
µ + c˜ +
∑
ℓ
Mℓ
[|y − yℓ|2 +M |z − z0|2]
3
2
, (139a)
h6(z) = M ln |z − z0| . (139b)
C. The Dp-D(p+ 4) brane system
Now we consider the dynamical solution of Dp-D(p + 4) brane system. Let us discuss
the solution to be delocalized along the relative transverse direction of the Dp-branes. The
ten-dimensional metric thus takes the form
ds2 = h(p−7)/8p (x, y, z)h
(p−3)/8
p+4 (z)
[
qµν(X)dx
µdxν + hp(x, y, z)γij(Y)dy
idyj
+hp(x, y, z)hp+4(z)uab(Z)dz
adzb
]
, (140)
where qµν is the (p+1)-dimensional metric which depends only on the (p+1)-dimensional co-
ordinates xµ, γij is the four-dimensional metric which depends only on the four-dimensional
coordinates yi, and finally uab is the (5− p)-dimensional metric which depends only on the
(5− p)-dimensional coordinates za.
We also assume that the scalar field φ and the gauge field strengths F(p+2), F(p+6) are
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given by
eφ = h(3−p)/4p h
−(1+p)/4
p+4 , (141a)
F(p+2) = d
[
h−1p (x, y, z)
] ∧ Ω(X) , (141b)
F(p+6) = d
[
h−1p+4(z)
] ∧ Ω(X) ∧ Ω(Y), (141c)
where Ω(X) and Ω(Y) denote the volume (p+ 1)-, 4-form, respectively
Ω(X) =
√−q dx0 ∧ dx1 ∧ · · · ∧ dxp , (142a)
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ dy3 ∧ dy4 . (142b)
Here, q and γ are the determinant of the metrics qµν and γij.
In terms of ansatz for fields (140) and (141), the field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, (143a)
hp = h0(x) + h1(y, z), DµDνh0 = 0, hp+4△Yh1 +△Zh1 = 0 , △Zhp+4 = 0 ,(143b)
where Dµ is the covariant derivative with respect to the metric qµν , and △Y, △Z are the
Laplace operators on Y, Z space, and Rµν(X), Rij(Y), Rab(Z) are the Ricci tensors associated
with the metrics qµν(X), γij(Y), uab(Z), respectively.
Let us consider the case
qµν = ηµν , γij = δij , uab = δab , (144)
where ηµν is the (p + 1)-dimensional Minkowski metric and δij , δab are the four-, (5 − p)-
dimensional Euclidean metrics, respectively. In the case of p 6= 1, p 6= 3, the solution for hp
and hp+4 can be expressed as
hp(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(p−1)2 |z − z0|p−1
] p+1
p−1
, (145a)
hp+4(z) =
M
|z − z0|3−p , (145b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
For p = 1, we find
h1(x, y, z) = cµx
µ + c˜ +
∑
ℓ
Mℓ
[|y − yℓ|2 − 4M ln |z − z0|] , (146a)
h5(z) =
M
|z − z0|2 . (146b)
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If we consider the D3-D7 brane system, the solution is given by
h3(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 +M |z − z0|2]2
, (147a)
h7(z) = M ln |z − z0| . (147b)
D. The intersection of Dp-brane and KK-monopole
Now we discuss the KK-monopole in the transverse space of Dp-brane with p ≤ 4. We
assume that the ten-dimensional metric is given by
ds2 = h(p−7)/8(x, y, z)qµν(X)dx
µdxν + h(p+1)/8(x, y, z)
[
γij(Y)dy
idyj
+hk(z)uab(Z)dz
adzb + h−1k (z) (dv + Aadz
a)2
]
, (148)
where qµν is the (p+ 1)-dimensional metric which depends only on the (p+ 1)-dimensional
coordinates xµ, γij is the (5 − p)-dimensional metric which depends only on the (5 − p)-
dimensional coordinates yi, and finally uab is the three-dimensional metric which depends
only on the three-dimensional coordinates za.
We also assume that the scalar field φ and the gauge field strength F(p+2) are given by
eφ = h(3−p)/4 , (149a)
F(p+2) = d
[
h−1(x, y, z)
] ∧ Ω(X) , (149b)
where Ω(X) denotes the volume (p+ 1)-form
Ω(X) =
√−q dx0 ∧ dx1 ∧ · · · ∧ dxp . (150)
Here, q is the determinant of the metric qµν .
Using the ansatz for fields (148) and (149), the field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, (151a)
h = h0(x) + h1(y, z), dhk = ∗ZdA , (151b)
DµDνh0 = 0, hk△Yh1 +△Zh1 = 0 , △Zhk = 0 , (151c)
where Dµ is the covariant derivative with respect to the metric qµν , and ∗Z denotes the Hodge
operator on Z, and △Y, △Z are the Laplace operators on Y, Z space, and Rµν(X), Rij(Y),
Rab(Z) are the Ricci tensors associated with the metrics qµν(X), γij(Y), uab(Z), respectively.
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Now we set the metric :
qµν = ηµν , γij = δij , uab = δab , (152)
where ηµν is the (p + 1)-dimensional Minkowski metric and δij, δab are the (5 − p)-, three-
dimensional Euclidean metrics, respectively. The solution for h and hk can be obtained
explicitly as
h(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|](7−p)/2
, (153a)
hk(z) =
M
|z − z0| , (153b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
E. The intersection of Dp-brane and plane wave
We present the Dp-brane with the plane wave propagating along its longitudinal direction.
We assume that the ten-dimensional metric takes the form
ds2 = h(p−7)/8(z)
[−dt2 + dx2 + {hw(t, y, z)− 1} (dt− dx)2
+γij(Y)dy
idyj + h(z)uab(Z)dz
adzb
]
, (154)
where γij is the (p− 1)-dimensional metric which depends only on the (p− 1)-dimensional
coordinates yi, and finally uab is the (9− p)-dimensional metric which depends only on the
(9− p)-dimensional coordinates za.
We also assume that the gauge field strength F(p+2) is given by
eφ = h(3−p)/4 , (155a)
F(p+2) = d
[
h−1(z) ∧ dt ∧ dx ∧ Ω(Y)] , (155b)
where Ω(Y) denotes the volume (p− 1)-form
Ω(Y) =
√
γ dy1 ∧ dy2 · · · ∧ dyp−1 . (156)
Here, γ is the determinant of the metric γij.
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In terms of ansatz for fields (154) and (155), the field equations lead to
Rij(Y) = 0, Rab(Z) = 0, (157a)
hw = h0(t) + h1(y, z) , ∂
2
t h0 = 0, h△Yh1 +△Zh1 = 0 , △Zh = 0 , (157b)
where△Y,△Z are the Laplace operators on Y, Z space, and Rij(Y), Rab(Z) are the Ricci ten-
sors associated with the metrics γij(Y), uab(Z), respectively. Now we set the ten-dimensional
metric
γij = δij , uab = δab , (158)
where δij , δab are the (p − 1)-, (9 − p)-dimensional Euclidean metrics, respectively. Using
Eq. (158), the solution for p 6= 5 and p 6= 7 can be written as
hw(t, y, z) = c¯t + c˜+
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(p−5)2 |z − z0|p−5
] p2−8p+19
2(p−5)
, (159a)
h(z) =
M
|z − z0|7−p , (159b)
where c¯, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes. The solution (159a) for p = 5 becomes
hw(t, y, z) = c¯t + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 − (p− 1)M ln |z − z0|] , (160a)
h(z) =
M
|z − z0|2 . (160b)
If we consider the case of p = 7, the harmonic functions take the following form:
hw(t, y, z) = c¯t + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 +M |z − z0|2]3
, (161a)
h(z) = M ln |z − z0| . (161b)
F. The pair intersection involving fundamental string
Next we present intersecting fundamental string configurations of all the possible com-
binations. The basic constituents of intersecting branes are D-branes, fundamental string,
solitonic NS5-brane, the KK-monopole and the plane wave.
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1. The intersection of Dp-brane and fundamental string
First we discuss the Dp-branes ending on fundamental string. Let us consider the so-
lution to be delocalized along the relative transverse direction of the Dp-branes. The ten-
dimensional metric thus takes the form
ds2 = h
−3/4
F (t, y, z)h
(p−7)/8(z)
[−dt2 + hF(t, y, z)γij(Y)dyidyj + h(z)dv2
+hF(t, y, z)h(z)uab(Z)dz
adzb
]
, (162)
where γij is the p-dimensional metric which depends only on the p-dimensional coordinates
yi, and finally uab is the (8 − p)-dimensional metric which depends only on the (8 − p)-
dimensional coordinates za.
The scalar field φ and the gauge field strength H(3) are also assumed to be
eφ = h
−1/2
F h
(3−p)/4 , (163a)
H(3) = d
[
h−1F (t, y, z)
] ∧ dt ∧ dv, (163b)
F(p+2) = d
[
h−1(z)
] ∧ dt ∧ Ω(Y), (163c)
where Ω(Y) denotes the volume p-form
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ · · · ∧ dyp . (164)
Here, γ is the determinant of the metric γij.
If we use ansatz for fields (162) and (163), the field equations give
Rij(Y) = 0, Rab(Z) = 0, (165a)
hF = h0(x) + h1(y, z), ∂
2
t h0 = 0 , h△Yh1 +△Zh1 = 0 , △Zh = 0 , (165b)
where △Y, △Z are the Laplace operators on Y, Z space, and Rij(Y), Rab(Z) are the Ricci
tensors associated with the metrics γij(Y), uab(Z), respectively. We consider the case
γij = δij , uab = δab , (166)
where δij , δab are the p-, (8 − p)-dimensional Euclidean metrics, respectively. Under the
metric Eq. (166), the solution of h and hF for p 6= 4 and p 6= 6 can be written by
hF(t, y, z) = c¯t+ c˜+
∑
ℓ
Mℓ[
|y − yℓ|2 + 4M(p−4)2 |z − z0|p−4
] p2−6p+12
2(p−4)
, (167a)
h(z) =
M
|z − z0|6−p , (167b)
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where c¯, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes. For p = 4, the solution becomes
hF(t, y, z) = c¯t+ c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 − pM ln |z − z0|] , (168a)
h(z) =
M
|z − z0|2 . (168b)
Next we consider the case of p = 6. The solution is given by
hF(t, y, z) = c¯t + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 +M |z − z0|2]3
, (169a)
h(z) = M ln |z − z0| . (169b)
2. The intersection involving fundamental string and NS5-branes
We discuss the solution of the fundamental strings with NS5-branes. We consider the
case to be delocalized along one of the overall transverse directions. The ten-dimensional
metric thus takes the form
ds2 = h
−3/4
F (x, y, z)h
−1/4
NS (z)
[
qµν(X)dx
µdxν + hF(x, y, z)γij(Y)dy
idyj
+hF(x, y, z)hNS(z)uab(Z)dz
adzb
]
, (170)
where qµν is the two-dimensional metric which depends only on the two-dimensional coor-
dinates xµ, γij is the four-dimensional metric which depends only on the four-dimensional
coordinates yi, and finally uab is the four-dimensional metric which depends only on the
four-dimensional coordinates za.
We also assume that the scalar field φ and the gauge field strength H(3) are given by
eφ = h
−1/2
F h
1/2
NS , (171a)
H(3) = d
[
h−1F (x, y, z)
] ∧ Ω(X) + e−φ ∗ d [h−1NS(z)Ω(X) ∧ Ω(Y)] , (171b)
where Ω(X) and Ω(Y) denote the volume two- and four-form
Ω(X) =
√−q dx0 ∧ dx1 , (172a)
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ dy3 ∧ dy4 . (172b)
Here, q and γ are the determinant of the metric qµν and γij, respectively.
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In terms of ansatz for fields (170) and (171), the field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, (173a)
hF = h0(x) + h1(y, z), DµDνh0 = 0 , hNS△Yh1 +△Zh1 = 0 , △ZhNS = 0 , (173b)
where Dµ is the covariant derivative with respect to the metric qµν , and △Y, △Z are the
Laplace operators on Y, Z space, and Rµν(X), Rij(Y), Rab(Z) are the Ricci tensors associated
with the metrics qµν(X), γij(Y), uab(Z), respectively. We assume that the ten-dimensional
metric is given by
qµν = ηµν , γij = δij , uab = δab , (174)
where ηµν is the two-dimensional Minkowski metric and δij , δab are the four-dimensional
Euclidean metrics, respectively. The solution for hF and hNS can be obtained explicitly as
hF(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 − 4M ln |z − z0|] , (175a)
hNS(z) =
M
|z − z0|2 , (175b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors rep-
resenting the positions of the branes. If we delocalize the solution along one of the overall
transverse directions, the solution can be written as
hF(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]3
, (176a)
hNS(z) =
M
|z − z0| . (176b)
3. The pair involving fundamental string and one Kaluza- Klein monopole
Now we discuss the KK-monopole in the transverse space of the fundamental string. We
set the ten-dimensional metric takes the form
ds2 = h
−3/4
F (x, y, z)qµν(X)dx
µdxν + h
1/4
F (x, y, z)
[
γij(Y)dy
idyj
+hk(z)uab(Z)dz
adzb + h−1k (z) (dv + Aadz
a)2
]
, (177)
where qµν is the two-dimensional metric which depends only on the two-dimensional coor-
dinates xµ, γij is the four-dimensional metric which depends only on the four-dimensional
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coordinates yi, and finally uab is the three-dimensional metric which depends only on the
three-dimensional coordinates za.
We assume that the scalar field φ and the gauge field strength H(3) are given by
eφ = h
−1/2
F , (178a)
H(3) = d
[
h−1F (x, y, z)
] ∧ Ω(X), (178b)
where Ω(X) denotes the volume two-form
Ω(X) =
√−q dx0 ∧ dx1 . (179)
Here, q is the determinant of the metric qµν .
In terms of ansatz for fields (177) and (178), the field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, (180a)
hF = h0(x) + h1(y, z), DµDνh0 = 0 , hk△Yh1 +△Zh1 = 0 , △Zhk = 0 ,(180b)
where Dµ is the covariant derivative with respect to the metric qµν , and △Y, △Z are the
Laplace operators on Y, Z space, and Rµν(X), Rij(Y), Rab(Z) are the Ricci tensors associated
with the metrics qµν(X), γij(Y), uab(Z), respectively.
Now let us consider the case
qµν = ηµν , γij = δij , uab = δab , (181)
where ηµν is the two-dimensional Minkowski metric and δij , δab are the four-, three-
dimensional Euclidean metrics, respectively. The solution for hF and hk can be obtained
explicitly as
hF(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]3
, (182a)
hk(z) =
M
|z − z0| , (182b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
G. The intersection involving NS5-branes
In this subsection, we discuss the intersecting brane involving NS5-branes. For the KK
monopole, we cannot find partially delocalized solutions because the intersection does not
have the relative transverse directions.
43
1. The intersection involving Dp-brane and NS5-branes
Let us first consider the Dp-branes ending on NS5-branes. We discuss the solution to be
delocalized along the relative transverse direction of the NS5-branes. The ten-dimensional
metric of Dp-branes (p ≤ 6) ending on NS5-branes thus takes the form
ds2 = h(p−7)/8(x, y, z)h
−1/4
NS (z)
[
qµν(X)dx
µdxν + h(x, y, z)γij(Y)dy
idyj + hNS(z)dv
2
+h(x, y, z)hNS(z)uab(Z)dz
adzb
]
, (183)
where qµν is the p-dimensional metric which depends only on the p-dimensional coordinates
xµ, γij is the (6 − p)-dimensional metric which depends only on the (6 − p)-dimensional
coordinates yi, and finally uab is the three-dimensional metric which depends only on the
three-dimensional coordinates za.
We assume that the scalar field φ and the gauge field strength H(3) are given by
eφ = h
1/2
NS h
(3−p)/4 , (184a)
H(3) = e
−φ ∗ d [h−1NS(z) Ω(X) ∧ Ω(Y)] , (184b)
F(p+2) = d
[
h−1(x, y, z)
] ∧ Ω(X) , (184c)
where Ω(X) and Ω(Y) denote the volume p-form, (6− p)-form, respectively
Ω(X) =
√−q dx0 ∧ dx1 ∧ · · · ∧ dxp−1 , (185a)
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ · · · ∧ dy6−p . (185b)
Here, q and γ are the determinant of the metric qµν , γij, respectively.
Using the ansatz for fields (183) and (184), the field equations lead to
Rµν(X) = 0, Rij(Y) = 0, Rab(Z) = 0, (186a)
h = h0(x) + h1(z), DµDνh0 = 0 , hNS△Yh1 +△Zh1 = 0 , △ZhNS = 0 , (186b)
where Dµ is the covariant derivative constructed by the metric qµν , and △Y, △Z are the
Laplace operators on Y, Z space, and Rµν(X), Rij(Y), Rab(Z) are the Ricci tensors associated
with the metrics qµν(X), γij(Y), uab(Z), respectively. Let us consider the case
qµν = ηµν , γij = δij , uab = δab , (187)
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where ηµν is the p-dimensional Minkowski metric and δij, δab are the (6 − p)-, three-
dimensional Euclidean metrics, respectively. The solution for h and hNS can be obtained
explicitly as
h(x, y, z) = cµx
µ + c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]
(p−8)
2
, (188a)
hNS(z) =
M
|z − z0| , (188b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
2. The intersection of two NS5-branes
Next we consider the solution of two NS5-brane. As we mentioned in Sec. IIA, these
intersect over 3 dimensions. We assume that the ten-dimensional metric is written by
ds2 = h
−1/4
NS (x, y, z)h¯
−1/4
NS (z)
[
qµν(X)dx
µdxν + hNS(x, y, z)γij(Y1)dy
idyj
+h¯NS(z)wmn(Y2)dv
mdvn + hNS(x, y, z)h¯NS(z)uab(Z)dz
adzb
]
, (189)
where qµν is the four-dimensional metric which depends only on the four-dimensional coor-
dinates xµ, γij is the two-dimensional metric which depends only on the two-dimensional co-
ordinates yi, wmn is the two-dimensional metric which depends only on the two-dimensional
coordinates vm, and finally uab is the two-dimensional metric which depends only on the
two-dimensional coordinates za.
We also assume that the scalar field φ and the gauge field strength H(3) are given by
eφ =
(
hNSh¯NS
)1/2
, (190a)
H(3) = e
−φ ∗ d [h−1NS(x, y, z) Ω(X) ∧ Ω(Y2) + h¯−1NS(z) Ω(X) ∧ Ω(Y1)] , (190b)
where Ω(X), Ω(Y1) and Ω(Y2) denote the volume four-form, two-form and two-form, re-
spectively
Ω(X) =
√−q dx0 ∧ dx1 ∧ dx2 ∧ dx3 , (191a)
Ω(Y1) =
√
γ dy1 ∧ dy2 , (191b)
Ω(Y2) =
√
w dv1 ∧ dv2 . (191c)
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Here, q, γ and w are the determinants of the metrics qµν , γij, and wmn, respectively.
In terms of ansatz for fields (189) and (190), the field equations lead to
Rµν(X) = 0, Rij(Y1) = 0, Rmn(Y2) = 0, Rab(Z) = 0, (192a)
hNS = h0(x) + h1(y, z), (192b)
DµDνh0 = 0, h¯NS△Y1h1 +△Zh1 = 0 , △Zh¯NS = 0 , (192c)
where Dµ is the covariant derivative constructed by the metric qµν , and △Y1, △Z are the
Laplace operators on Y1, Z space, and Rµν(X), Rij(Y1), Rmn(Y2), Rab(Z) are the Ricci ten-
sors associated with the metrics qµν(X), γij(Y1), uab(Z), respectively. As a special example,
we consider the case
qµν = ηµν , γij = δij , wmn = δmn , uab = δab , (193)
where ηµν is the four-dimensional Minkowski metric and δij , δmn, δab are the two-, two-, two-
dimensional Euclidean metrics, respectively. The solution for hNS and h¯NS can be obtained
explicitly as
hNS(x, y, z) = cµx
µ + c˜ +
∑
ℓ
Mℓ
|y − yℓ|2 +M |z − z0|2 , (194a)
h¯NS(z) = ln [M |z − z0|] , (194b)
where cµ, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
3. The intersection involving plane wave and NS5-brane
We present the NS5-brane with the plane wave propagating along its longitudinal direc-
tion. We assume that the ten-dimensional metric takes the form
ds2 = h
−1/4
NS (z)
[−dt2 + dx2 + {hw(t, y, z)− 1} (dt− dx)2
+γij(Y)dy
idyj + hNS(z)uab(Z)dz
adzb
]
, (195)
where γij is the four-dimensional metric which depends only on the four-dimensional coor-
dinates yi, and finally uab is the four-dimensional metric which depends only on the four-
dimensional coordinates za.
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We set the scalar field φ and the gauge field strength H(3) as follows:
eφ = h
1/2
NS , (196a)
H(3) = e
−φ ∗ d [h−1NS(z) ∧ dt ∧ dx ∧ Ω(Y)] , (196b)
where Ω(Y) denotes the volume four-form
Ω(Y) =
√
γ dy1 ∧ dy2 ∧ dy3 ∧ dy4 . (197)
Here, γ is the determinant of the metric γij.
In terms of ansatz for fields (195) and (196), the field equations lead to
Rij(Y) = 0, Rab(Z) = 0, (198a)
hw = h0(t) + h1(y, z), ∂
2
t h0 = 0 , hk△Yh1 +△Zh1 = 0 , △ZhNS = 0 , (198b)
where △Y, △Z are the Laplace operators on Y, Z space, and Rij(Y), Rab(Z) are the Ricci
tensors associated with the metrics γij(Y), uab(Z), respectively. As a special example, we
set the metric and the function hNS
γij = δij , uab = δab , (199)
where δij , δab are the four-dimensional Euclidean metrics, respectively. The solution for hNS
and hw can be obtained explicitly as
hw(t, y, z) = c¯t+ c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 − 4M ln |z − z0|] , (200a)
hNS(z) =
M
|z − z0|2 , (200b)
where c¯, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
H. The plane wave in the KK-monopole background
We consider the plane wave propagating in the background of the KK-monopole. The
solution of ten-dimensional metric is given by
ds2 = −dt2 + dx2 + [hw(t, y, z)− 1] (dt− dx)2 + γij(Y)dyidyj
+hk(z)uab(Z)dz
adzb + h−1k (z) (dv + Aadz
a)2 , (201)
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where γij is the four-dimensional metric which depends only on the four-dimensional co-
ordinates yi, and finally uab is the three-dimensional metric which depends only on the
three-dimensional coordinates za.
The ten-dimensional metric and the function hk obey
Rij(Y) = 0, Rab(Z) = 0, (202a)
hw = h0(t) + h1(y, z), ∂
2
t h0 = 0, hk△Yh1 +△Zh1 = 0 , △Zhk = 0 , (202b)
dhk = ∗ZdA , (202c)
where ∗Z is the Hodge operator in the Z space, and △Y, △Z are the Laplace operators on Y,
Z space, and Rij(Y), Rab(Z) are the Ricci tensors associated with the metrics γij(Y), uab(Z),
respectively. Now we consider the case
γij = δij , uab = δab , (203)
where δij , δab are the four-, three-dimensional Euclidean metrics, respectively. The solution
for h and hk can be obtained explicitly as
h(t, y, z) = c¯t+ c˜+
∑
ℓ
Mℓ
[|y − yℓ|2 + 4M |z − z0|]3
, (204a)
hk(z) =
M
|z − z0| , (204b)
where c¯, c˜, Mℓ and M are constant parameters, and yℓ and z0 are constant vectors repre-
senting the positions of the branes.
There is a classification of the multiple intersecting branes solutions by [27, 28]. The
dynamical delocalized branes in ten-dimensional theory are also classified in [4]. We again
show the intersection rule for the branes with M-wave and KK-monopoles in Table IV. In the
Table, circles indicate where the brane world-volumes enter, v represents the coordinate of
the KK-monopole, and the time-dependent branes are indicated by
√
for different solutions.
V. COSMOLOGY
In this section, we study the four-dimensional cosmology by using above solutions. We
assume an isotropic and homogeneous three-space in the four-dimensional spacetime known
as Friedmann-Robertson-Walker universe after compactification. Now we set the (p + 1)-
dimensional Minkowski spacetime with qµν(X) = ηµν(X). The functions hr and hs do not
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depend on the coordinate of X space except for the time. We discuss just the cases involving
p-brane and KK-monopole because our Universe does not expand when the wave is time-
dependent. Hence, we have no interesting case for wave solution.
A. The intersection of Dpr-Dps brane system
Let us first discuss how these solutions are applied to our physical world in the case of
Dpr-Dps brane system. Suppose that our Universe is a part of branes. Since our Universe
is isotropic and homogeneous, same branes must contain this whole three dimensions. The
D-dimensional metric (5) can be expressed as
ds2 = −hdt2 + ds2(X˜) + ds2(Y1) + ds2(Y2) + ds2(Z), (205)
where line elements ds2(X˜), ds2(Y1), ds
2(Y2), and ds
2(Z) are defined by
ds2(X˜) ≡ hδPQ(X˜)dθPdθQ, (206a)
ds2(Y1) ≡ hbrr (t, y, z)hass (t, v, z)γij(Y1)dyidyj, (206b)
ds2(Y2) ≡ harr (t, y, z)hbss (t, v, z)wmn(Y2)dvmdvn, (206c)
ds2(Z) ≡ hbrr (t, y, z)hbss (t, v, z)uab(Z)dzadzb, (206d)
h ≡ harr (t, y, z)hass (t, v, z). (206e)
Here, δPQ(X˜) denotes the p-dimensional Euclidean metric, and θ
P is the coordinate of the
p-dimensional Euclid space X˜.
Now we set hs = hs(z) and hr = At + h1(y, z). Then, the D-dimensional metric (206) is
given by
ds2 = hass
[
1 +
(
τ
τ0
)−2/(ar+2)
h1
]ar [
−dτ 2 +
(
τ
τ0
)2ar/(ar+2)
δPQ(X˜)dθ
PdθQ
+
{
1 +
(
τ
τ0
)−2/(ar+2)
h1
}(
τ
τ0
)2br/(ar+2)
γij(Y1)dy
idyj
+hs
(
τ
τ0
)2ar/(ar+2)
wmn(Y2)dv
mdvn
+hs
{
1 +
(
τ
τ0
)−2/(ar+2)
h1
}(
τ
τ0
)2br/(ar+2)
uab(Z)dz
adzb
]
, (207)
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where the cosmic time τ is defined by
τ
τ0
= (At)(ar+2)/2 , τ0 =
2
(ar + 2)A
. (208)
For hr = hr(z) and hs = At + k1(v, z), the metric (206) is written by replacing ar and
h1(y, z) with as and k1(v, z).
In the following, we apply the solution to lower-dimensional effective theory. We com-
pactify d(≡ d1+d2+d3+d4) dimensions to fit our Universe, where d1, d2, d3, and d4 are the
compactified dimensions with respect to the X˜, Y1, Y2, and Z spaces. The D-dimensional
metric (205) is then expressed as
ds2 = ds2(M) + ds2(N) , (209)
where ds2(M) denotes the (D − d)-dimensional metric and ds2(N) is the line element of
compactified dimensions. We can rewrite the (D − d)-dimensional metric in the Einstein
frame by the conformal transformation
ds2(M) = hBr h
C
s ds
2(M¯) , (210)
where B and C are given by
B =
−(ar + 1)d+ d1 + d3
D − d− 2 , C =
−(as + 1)d+ d2 + d4
D − d− 2 . (211)
The (D − d)-dimensional metric in the Einstein frame is written by
ds2(M¯) = hB
′
r h
C′
s
[
−dt2 + δP ′Q′(X˜′)dθP ′dθQ′ + hrγk′l′(Y1′)dyk′dyl′
+hswm′n′(Y2
′)dvm
′
dvn
′
+ hrhsua′b′(Z
′)dza
′
dzb
′
]
, (212)
where B′ and C ′ are defined by B′ = −B + ar and C ′ = −C + as, and X˜′, Y1′, Y2′, and Z′
denote the (p− d1)-, (ps − p− d2)-, (pr − p− d3)-, and (D + p− pr − ps − d4)-dimensional
spaces, respectively.
If we set hr = At + h1, the metric (212) is thus rewritten as
ds2(M¯) = hC
′
s
[
1 +
(
τ
τ0
)−2/(B′+2)
h1
]B′ [
−dτ 2 +
(
τ
τ0
)2B′/(B′+2)
δP ′Q′(X˜
′)dθP
′
dθQ
′
+
{
1 +
(
τ
τ0
)−2/(B′+2)
h1
}(
τ
τ0
)2(B′+1)/(B′+2)
γk′l′(Y1
′)dyk
′
dyl
′
+hs
(
τ
τ0
)2B′/(B′+2)
wm′n′(Y2
′)dvm
′
dvn
′
+hs
{
1 +
(
τ
τ0
)−2/(B′+2)
h1
}(
τ
τ0
)2(B′+1)/(B′+2)
ua′b′(Z
′)dza
′
dzb
′
]
, (213)
50
where we have introduced the cosmic time τ defined by
τ
τ0
= (At)(B
′+2)/2 , τ0 =
2
(B′ + 2)A
. (214)
For hs = At + k1 and ∂µhr = 0, one can find results similar to (207) and (213). Hence, we
cannot find the solution which gives an accelerating expansion of our Universe.
The power exponents of the scale factor of possible four-dimensional Universe are given
by a(M˜) ∝ τλ(M˜), where M˜ denotes the spatial part of the spacetime M, τ denotes the cosmic
time, and a(M˜) and aE(M˜) are the scale factors of the space M˜ in Jordan and Einstein frames
with the exponents carrying the same suffices, respectively.
The time dependence in the metric comes from only one brane in the intersections. Then,
the obtained expansion law is not complicated. In our solutions, one may have to compactify
the vacuum bulk space as well as the brane world volume in order to find an expanding
universe. Since the fastest expanding case in the Jordan frame has the power λ(M˜) < 1/2,
the power is so small that solutions cannot give a realistic expansion law like that in the
matter-dominated era (a ∝ τ 2/3) or that in the radiation-dominated era (a ∝ τ 1/2).
When we discuss the dynamics on the four-dimensional Einstein frame after compactifying
the extra dimensions, the power exponents are differently depending on how we compactify
the extra dimensions even within one solution. For M-brane in the eleven-dimensional theory,
we give the power exponent of the fastest expansion of our four-dimensional Universe in the
Einstein frame. Since the solution again imply that the expansion is too small, we have to
conclude that in order to find a realistic expansion of the Universe in this type of models,
one has to add matter fields on the brane.
These are the same results as the case of the delocalized intersecting brane solutions.
For the solutions (213) involving two intersecting brane in the ten- or eleven-dimensional
theories which are related to the supergravity, we can see the power exponents of the scale
factor of possible four-dimensional Friedmann-Robertson-Walker cosmological models in the
Tables in [4].
B. The intersection of brane and KK-monopole system
Next we study the dynamical intersecting brane solutions including KK-monopoles. We
should look for whether there is a solution with an isotropic and homogeneous three space.
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The D-dimensional metric (40) can be expressed as
ds2 = −ha(t, y, z)dt2 + ds2(X˜) + ds2(Y) + ds2(Z) + hb(t, y, z)h−1k (z) (dv + Aadza)2 , (215)
where we have defined
ds2(X˜) ≡ ha(t, y, z)δPQ(X˜)dθPdθQ, (216a)
ds2(Y) ≡ hb(t, y, z)γij(Y)dyidyj, (216b)
ds2(Z) ≡ hb(t, y, z)hk(z)uab(Z)dzadzb . (216c)
Here, a, b are given by (41) , and δPQ(X˜) denotes the p-dimensional Euclidean metric, and
θP is the coordinate of the p-dimensional Euclid space X˜.
Now we set h = At+ h1(y, z). The D-dimensional metric (215) can be written as
ds2 =
[
1 +
(
τ
τ0
)−2/(a+2)
h1
]a [
−dτ 2 +
(
τ
τ0
)2a/(a+2)
δPQ(X˜)dθ
PdθQ
+
{
1 +
(
τ
τ0
)−2/(a+2)
h1
}(
τ
τ0
)2b/(a+2) {
γij(Y)dy
idyj + hkuab(Z)dz
adzb
+h−1k (dv + Aadz
a)2
}]
, (217)
where the cosmic time τ is defined by
τ
τ0
= (At)(a+2)/2 , τ0 =
2
(a+ 2)A
. (218)
In the following, we again apply the solution to lower-dimensional effective theory. We
compactify d(≡ d1+ d2+ d3) dimensions to fit our Universe, where d1, d2, and d3 denote the
compactified dimensions with respect to the X˜, Y, and Z spaces. The D-dimensional metric
(215) is then written as
ds2 = ds2(M) + ds2(N), (219)
where ds2(M) denotes the (D − d)-dimensional metric and ds2(N) is the line element of
compactified dimensions.
Now we can rewrite the (D− d)-dimensional metric in the Einstein frame in terms of the
conformal transformation
ds2(M) = hBhCk ds
2(M¯) , (220)
where constants B and C are given by
B = −ad1 + b(d2 + d3)
D − d− 2 , C = −
d3
D − d− 2 . (221)
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Then, the (D − d)-dimensional metric in the Einstein frame can be expressed as
ds2(M¯) = hB
′
h−Ck
[
−dt2 + δP ′Q′(X˜′)dθP ′dθQ′ + h4/N
{
γk′l′(Y
′)dyk
′
dyl
′
+hkua′b′(Z
′)dza
′
dzb
′
+ h−1k
(
dv + Aa′dz
a′
)2}]
, (222)
where B′ is defined by B′ = −B+a, and X˜′, Y′, and Z′ denote the (p−d1)-, (D−5−p−d2)-,
and (3− d3)-dimensional spaces, respectively.
If we set h = At + h1(y, z), the metric (222) is thus rewritten by
ds2(M¯) = hC
′
s
[
1 +
(
τ
τ0
)−2/(B′+2)
h1
]B′ [
−dτ 2 +
(
τ
τ0
)2B′/(B′+2)
δP ′Q′(X˜
′)dθP
′
dθQ
′
+
{
1 +
(
τ
τ0
)−2/(B′+2)
h1
}(
τ
τ0
)2(B′+ 4
N
)/(B′+2) {
γk′l′(Y
′)dyk
′
dyl
′
+hkua′b′(Z
′)dza
′
dzb
′
+ h−1k
(
dv + Aa′dz
a′
)2}]
, (223)
where we have introduced the cosmic time τ defined by
τ
τ0
= (At)(B
′+2)/2 , τ0 =
2
(B′ + 2)A
. (224)
If we choose N = 4, the (D−d)-dimensional metric (223) shows that there is no solution
which exhibits an accelerating expansion of our Universe.
The Friedmann-Robertson-Walker cosmological solutions with an isotropic and homoge-
neous three-space for the solutions (223) are listed in Table IV for M-branes, Table V for
D-branes, and Table VI for F1 and NS5-branes. We find the power exponents of the scale
factor of four-dimensional cosmological models as a(M˜) ∝ τλ(M˜), where M˜ is the spatial part
of the spacetime M, a(M˜) and aE(M˜) is the scale factors of our Universe M˜ in Jordan and
Einstein frames with the exponents carrying the same suffices, respectively.
In the KK-monopole solution, the expansion law is easily obtained because the time
dependence in the metric comes from only p-brane in the intersections. We can find an
expanding universe even if one may compactify the vacuum bulk space as well as the brane
world volume. However, it is impossible to obtain the cosmological model whose scale factor
has the power λ(M˜) > 1/2 in the Jordan frame. Then they cannot give a realistic expansion
law like that in the matter-dominated era (a ∝ τ 2/3) or that in the radiation-dominated era
(a ∝ τ 1/2).
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The power exponents in the four-dimensional Einstein frame after compactifing the extra
dimensions are different depending on how we compactify the extra dimensions even within
one solution. For M-brane and D-brane in the ten- or eleven-dimensional theory, we give the
power exponent of the fastest expansion of our four-dimensional Universe in the Einstein
frame in Table VII. However, the expansion is too small to find a realistic expansion of the
Universe in the KK-monopole background. Then it is necessary to add some corrections in
the background to obtain a realistic cosmological solution.
VI. DISCUSSIONS
In this paper, we have studied dynamical solutions of p-brane. In the case of partially
localized static intersecting brane solutions, even the metric ansatz in terms of harmonic
functions which would generalize such restricted metric ansatz for the delocalized brane
case is known, we could mention the explicit expressions for harmonic functions. We have
applied simple coordinate transformations to the differential equations satisfied by the har-
monic functions in order to bring them to the forms of partial differential equations which
have known explicit solutions. The Einstein equations give the intersection rules which the
dynamical brane have to obey. Because of the simplicity of the intersection rule, it is easy
to work out obtaining the explicit analytical form of the solution for the field equations in
the D-dimensional projective. The intersection rules have led to the results that harmonic
functions can be written by linear combinations of terms depending on both coordinates
of worldvolume and transverse space. Moreover, in the case of ten- or eleven-dimensional
theories, the form of the harmonic function implies that the dynamical solution becomes the
supersymmetric one if we drop the time dependence. We also find that the field strengths
vanish if we take a limit where the coordinate dependence with respect to transverse space
becomes much smaller. This turned out to be vacuum solutions if the scalar field is trivial
because in this limit the scalar and gauge fields do not contribute the energy momentum
tensor, which presumably does not affect the model. We can understand this as a Kasner-
type metric. This feature is expected to be seen in a wide class of supersymmetric solutions
beyond the examples considered in the present paper.
The dynamical solutions include the dilaton coupling parameter N in which appears
the exact forms of the field strengths. We observed that obtaining the explicit analytical
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form of dynamical solutions is almost impossible with N 6= 4, since harmonic functions
that specify branes now satisfy coupled partial differential equations. If we set N = 4,
these are apparently related to the classical solutions of string theory and certainly have
a lot of attractive properties. Firstly, these solutions were obtained by replacing the time-
independent warp factor of the static solution with the time-dependent function. Secondly,
our solutions can contain only one function depending on both time as well as overall or
relative transverse space coordinates because the Einstein equations tell us that either (i) two
branes depend only on the coordinates along the relative and overall transverse directions
or (ii) while one brane is completely dynamical the other brane has to depend only on the
coordinates along the relative and overall transverse directions. A new class of solutions
where all harmonic functions depend on time is more challenging.
We have shown that each solution gives a FLRW universe if we regard the homogeneous
and isotropic part of the brane world-volume or transverse space as our spacetime. However,
the power of the scale factor is so small that the solutions of field equations cannot give a
realistic expansion law. This means that we have to consider additional matter on the brane
in order to get a realistic expanding universe. The solutions implies that as the number p
increases, the power of the scale factor becomes large. We have found that the intersection
with D6-brane in ten-dimensional theory gives the fastest expansion of our Universe because
the three-dimensional spatial space of our Universe stays in the transverse space to the D6-
brane. Though the power of the scale factor for the transverse space in solutions with the
D7- or D8-branes is larger than those with the D6-brane, the number of the transverse
space to these branes is less than three. Hence, these solutions cannot provide the isotropic
universe if we assume that the transverse space to the brane is the part of our Universe.
These are same results as the case of delocalized brane solutions [4, 5].
The method described here can of course be applied in this model to all other intersect-
ing brane systems involving more than three branes. The same equations, given by (18c)
will lead to the coordinate dependence of the metric because of the ansatz for the fields.
Hence, only one of branes will appear exhibit time dependence, as we have already discussed
in Secs. III and IV through II. A serious problem is the difficulty of constructing realistic
cosmological models such as inflationary universe scenario of the early universe or the accel-
erating expansion of the present universe. This problem is of course avoided in delocalized
brane solutions with particular coupling between scalar field and gauge field strength, which
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does not apparently relate to the classical solutions of string theory. Then, beyond the model
discussed here, obtaining the accelerating expansion of our Universe in a string theory, there
is more realistic problem of setting the field ansatz, coupling constant and internal space
in a theory of coupled scalar, gauge and gravitational fields. This is more complicated, be-
cause even in the case of using the same field ansatz as the supersymmetric solutions there
are coupled partial differential equations which in general do not have simple form. Hence,
that alone should not prevent the method described here from being applicable to realistic
theories, at least for Dpr-Dps branes, since a lot of terms in the field equations cannot be
eliminated by including enough fields. If the coupling constant that involve fields have a sin-
gle parameter N attached to matter fields, then we can introduce a parameter for the fields
by coupling scalar field with the harmonic functions to the gauge field strengths. But it is
not clear how to deal with the relation between the string theory and containing parameters
to which are attached two or more field strengths. This raises the question whether the
dynamical brane solution is really related to the supersymmetric solutions because the value
of the coupling constant in these solutions are in general severely restricted. It is difficult
to obtain the de Sitter compactification model which is consistent with the string theory
[29–31]. There is something mysterious about this. The actual calculations in this paper
were done for a fixed field ansatz. Dynamical delocalized brane solutions would have been
done in the same way, which had never give an accelerating expansion of universe in the
string theory.
The lower-dimensional effective theory for the intersection of two branes and branes
on KK-monopole or wave could almost have been discussed with same calculation as in
the case of dynamical delocalized branes. The moduli potential in the lower-dimensional
effective theories after compactifications gives the flat direction. Hence, the solutions we
have obtained may give some moduli instabilities. It would be necessary to introduce some
corrections in the effective theory to fix the volume and shape moduli of the internal space.
Otherwise, the moduli instabilities will grow unless the global or local minimum of the
potential. Such an effective theory was briefly mentioned in [4], and proposed and developed
in some detail by [2, 24].
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TABLE IV: Pair intersections between M-brane and KK-monopole in D = 11 with dependence on
overall transverse coordinates..
Case 0 1 2 3 4 5 6 7 8 9 10 M˜ λ(M˜) λE(M˜)
M2 ◦ ◦ ◦ √ λ(Y) = 1/4 λE(Y) = −3+d1
−12+2d1+d2+d3
M2-KK KK ◦ ◦ ◦ ◦ ◦ ◦ ◦ A1 A2 A3 Y & v & Z λ(v)=1/4 λE(v) = −3+d1
−12+2d1+d2+d3
xN t x1 x2 y1 y2 y3 y4 v z1 z2 z3 λ(Z)=1/4 λE(Z) =
−3+d1
−12+2d1+d2+d3
M5 ◦ ◦ ◦ ◦ ◦ ◦ √ X˜ λ(X˜) = −1/5 λE(X˜) = 3−d2−d3
−15+2d1+d2+d3
M5-KK KK ◦ ◦ ◦ ◦ ◦ ◦ ◦ A1 A2 A3 Y & v & Z λ(Y)=2/5 λE(Y) = 6−d115−2d1−d2−d3
xN t x1 x2 x3 x4 x5 y v z1 z2 z3 λ(v) = λ(Z)=2/5 λE(v) = λE(Z) =
6−d1
15−2d1−d2−d3
TABLE V: Pair intersections between Dp (p ≤ 4)-brane and KK-monopole in D = 10 with depen-
dence on overall transverse coordinates.
Branes 0 1 2 3 4 5 6 7 8 9 M˜ λ(M˜) λE(M˜)
D0 ◦ √ λ(Y)=1/9 λE(Y1) = 19−d2−d3
D0-KK KK ◦ ◦ ◦ ◦ ◦ ◦ A1 A2 A3 Y & v & Z λ(v)=1/9 λE(v) = 19−d2−d3
xN t y1 y2 y3 y4 y5 v z1 z2 z3 λ(Z)=1/9 λE(Z) =
1
9−d2−d3
D1 ◦ ◦ √ λ(Y)=1/5 λE(Y) = 2−d110−2d1−d2−d3
D1-KK KK ◦ ◦ ◦ ◦ ◦ ◦ A1 A2 A3 Y & v & Z λ(v)=1/5 λE(v) = 2−d110−2d1−d2−d3
xN t x y1 y2 y3 y4 v z1 z2 z3 λ(Z)=1/5 λE(Z) =
2−d1
10−2d1−d2−d3
D2 ◦ ◦ ◦ √ λ(Y)=3/11 λE(Y) = 3−d111−2d1−d2−d3
D2-KK KK ◦ ◦ ◦ ◦ ◦ ◦ A1 A2 A3 Y & v & Z λ(v)=3/11 λE(v) = 3−d111−2d1−d2−d3
xN t x1 x2 y1 y2 y3 v z1 z2 z3 λ(Z)=3/11 λE(Z) =
3−d1
11−2d1−d2−d3
D3 ◦ ◦ ◦ ◦ √ X˜ λ(X˜) = −1/3 λE(X˜) = d2+d3−412−2d1−d2−d3
D3-KK KK ◦ ◦ ◦ ◦ ◦ ◦ A1 A2 A3 Y & v & Z λ(Y)=1/3 λE(Y) = 4−d112−2d1−d2−d3
xN t x1 x2 x3 y1 y2 v z1 z2 z3 λ(v) = λ(Z)=1/3 λE(v) = λE(Z) =
4−d1
12−2d1−d2−d3
D4 ◦ ◦ ◦ ◦ ◦ √ λ(X˜) = −3/13 λE(X˜) = d2+d3−313−2d1−d2−d3
D4-KK KK ◦ ◦ ◦ ◦ ◦ ◦ A1 A2 A3 Y & v & Z λ(Y)=5/13 λE(Y) = 5−d113−2d1−d2−d3
xN t x1 x2 x3 x4 y v z1 z2 z3 λ(v) = λ(Z)=5/13 λE(v) = λE(Z) =
5−d1
13−2d1−d2−d3
TABLE VI: Pair intersections between fundamental string and KK-monopole in D = 10 with
dependence on overall transverse coordinates.
Branes 0 1 2 3 4 5 6 7 8 9 M˜ λ(M˜) λE(M˜)
F1 ◦ ◦ √ λ(Y)=1/5 λE(Y) = 2−d110−2d1−d2−d3
F1-KK KK ◦ ◦ ◦ ◦ ◦ ◦ A1 A2 A3 Y & v & Z λ(v)=1/5 λE(v) = 2−d110−2d1−d2−d3
xN t x y1 y2 y3 y4 v z1 z2 z3 λ(Z)=1/5 λE(Z) =
2−d1
10−2d1−d2−d3
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TABLE VII: The power exponent of the fastest expansion in the Einstein frame for M-brane, D-
brane, fundamental string in KK-monopole background. “TD” in the table shows which brane is
time dependent.
Branes TD dim(M) M¯ (d1, d2, d3) λE(M¯)
M2-KK M2 8 Y & v & Z (0, 1, 2) 1/3
M2 8 Y & Z (0, 3, 0) 1/3
M5-KK M5 7 X˜ & Y& v & Z (2, 0, 2) −1/9
M5 9 X˜ & Y& v & Z (0, 0, 2) 6/13
D0-KK D0 6 Y& v & Z (0, 2, 2) 1/5
D0 5 Y& v & Z (0, 3, 2) 1/4
D1-KK D1 7 Y& v & Z (0, 1, 2) 2/7
D1 5 Y& v & Z (0, 3, 2) 2/5
D2-KK D2 8 Y& v & Z (0, 0, 2) 1/3
D2 6 Y& v & Z (0, 2, 2) 3/7
D3-KK D3 7 X˜ & Y & v & Z (0, 1, 2) −1/9
D3 7 X˜ & Y& v & Z (0, 1, 2) 4/9
D4-KK D4 8 X˜ & Y & v & Z (0, 0, 2) −1/11
D4 8 X˜ & Y& v & Z (0, 0, 2) 5/11
F1-KK F1 7 Y& v & Z (0, 1, 2) 2/7
F1 5 Y& v & Z (0, 3, 2) 2/5
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